VARIATIONS ON A THEOREM OF TATE 
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Abstract. Let F be a number field. These notes explore Galois-theoretic, automorphic, and motivic analogues 
and refinements of Tate's basic result that continuous projective representations Gal(F/F) — > PGL„(C) lift to 
GL„(C). We take special interest in the interaction of this result with algebraicity (on the automorphic side) and 
geometricity (in the sense of Fontaine-Mazur). On the motivic side, we study refinements and generalizations 
of the classical Kuga-Satake construction. Some auxiliary results touch on: possible infinity-types of algebraic 
automorphic representations; comparison of the automorphic and Galois "Tannakian formalisms"; monodromy 
(independence-of-^) questions for abstract Galois representations. 
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Part 1. Introduction 



1. Introduction 

Let F be a number field, with Tf := Gal(F/F) its Galois group relative to a choice of algebraic closure. 
Tate's theorem that H^(Tf, Q/Z) vanishes (see [Ser77]) encodes one of the basic features of the represen- 
tation theory of Tp: since coker(jUoo(C) C^) is uniquely divisible, H'^{Tf,C^) vanishes as well, and 
therefore all obstructions to lifting projective representations Tp ^ PGL„(C) vanish. More generally, as ex- 
plained in MConlll . for any surjection H' ^ H of linear algebraic groups over with central torus kernel, 
any homomorphism Yp ^(Qf) hfts to H'{Qi). The simplicity of Tate's theorem is striking: replacing 
Q/Z by some finite group Z/m of coefficients, the vanishing result breaks down. 

Two other groups, more or less fanciful, extend Yp and conjecturally encode the key structural features 
of, respectively, automorphic representations and (pure) motives. The more remote automorphic Langlands 
group, £,p, at present exists primarily as heuristic, whereas the motivic Galois group Qp would take precise 
form granted the standard conjectures, and in the meantime can be approximated by certain unconditional 
substitute^ In either case, however, we can ask for an analogue of Tate's theorem and attempt to prove 
unconditional results. The automorphic analogue is simpler to formulate, amounting to studying the fibers 
of the functorial transfer where G and G are connected reductive F-groups, G formed from G by 

extending the (possibly non-connected) center Zq to a central torus Z, i.e. G = (G x Z)/Zg. For simplicity, 
we always take G/F (and Z) to be split, but the results should also hold in the quasi-split casejB We show 
(Proposition 112.2.21 ) that cuspidal representations of G{Ap) do indeed lift to G{Ap). The analogue is false 
for 0p, and a priori there is really no reason to believe that 'lifting problems' for the three groups Yp, Xf , 
and 0p should qualitatively admit the same answer: a general automorphic representation has seemingly 
no connection with either ^-adic representations or motives; and a general ^-adic representation has no 
apparent connection with classical automorphic representations or motives. Two quite distinct kinds of 
transcendence- one complex, one ^-adic- prevent these overlapping theories from being reduced to one 
another. A key problem, therefore, is to identify the overlap and ask how the lifting problem behaves when 
restricted to this (at least conjectural) common ground; it is only in posing this refined form of the lifting 
problem that the relevant structures emerge. 

So we take a detour to discuss notions of algebraicity for automorphic representations. Weil laid the foun- 
dation for this discussion in his paper IIWei56l . by showing that for Hecke characters (automorphic represen- 
tations of GLi(A/r)), an integrality condition on the archimedean component suffices to imply algebraicity 
of the coefficients of the corresponding L-series (i.e. algebraicity of its Satake parameters). Waldschmidt 
( IIWal82ll ) later proved necessity of this condition. Weil, Serre, and others also showed that a subset, the 'type 
Aq' Hecke characters, moreover give rise to compatible systems of Galois characters Yp (and, via the 

theory of CM abelian varieties, motives underlying these compatible systems). The general feeling since has 
been that the most obvious analogue of Weil's type Aq condition should govern the existence of associated 
^-adic representations. To be precise, let tt be an automorphic representation of our group G/F, and let T be 
a maximal torus of G. Although the notion is older, we follow the terminology 'L-algebraic' of [BGTO] as 
the general analogue of type Aq characters. That is, fixing at each v|oo an isomorphism : Fy — > C, we can 
write (in Langlands' normalization of IILan891 ) the restriction to Wj of its L-parameter as 

recv(7rv): z ^ hizf'Hvizy-^' € r^(C). 

with jU(,,,v,,, € X*(T)c and yu,,. - v,,, e X*(T). Unless there is risk of confusion, we will omit reference to 
the embedding Ly, writing = /x,,,, etc. Then n is L-algebraic if for all v|oo, and v,, lie in X*{T). The 
naive reason for focusing on this condition is that, for G = GL„, it lets us see the Hodge decomposition on 



Namely, Deligne's theory of absolute Hodge cycles, or Andre's theory of motivated cycles; see 916.21 

To be specific, the precise description of the fibers should be a feature of the quasi-split case; the fact that the fibers are merely 
non-empty should be completely general. 
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the (hoped-for) corresponding motive. Clozel ( IIClo90ll ). noticing that cohomological representations need 
not satisfy this condition, but have parameters /i,,, v,, € p + X*{T), where p is the half-sum of the positive 
roots0 studied this alternative integrality condition for G = GL„. Buzzard and Gee ([ BGlOj ) have recently 
elaborated on this condition ('C-algebraic') and its relation with L-algebraicity. For GLi, the two notions C 
and L-algebraic coincide, and in general they are both useful and distinct generalizations of Weil's type Aq 
condition. 

But Weil's 'integrality condition,' which he calls 'type A,' is more general than the type Aq condition, 
and its analogues in higher rank seem to have been largely neglecteqj. It is of independent interest to 
resuscitate this condition, but we moreover find it essential for understanding the interaction of descent 
problems and algebraicity, including our original lifting question. By this we mean the following problem: 
given connected reductive (say quasi-split) groups H/F and G/F with a morphism of L-groups ^G, 
and given a cuspidal L-algebraic representation n of G{Af) which is known to be in the image of the 
associated functorial transfer, is n the transfer of an L-algebraic representation? The answer is certainly 
'no,' even for GLi, but it fails to be 'yes' in a tightly constrained way. I beheve the most useful general 
notion is the following: 

Definition 1.0.1. We say that n is VK-algebraic if for all v|oo, ju,, and v„ lie in ^X'(T). 

This is more restrictive than Weil's type A condition (which allows twists | • I'' for r € Q as well), and it is 
easy to concoct examples where the descent is not even the twist of a VK-algebraic representation. It is one 
of our guiding principles, suggested by the (archimedean) Ramanujan conjecture, that all such examples are 
degenerate, and up to unwinding these degeneracies the only basic obstruction is the difference between W 
and L-algebraicity. Some initial evidence comes from the tensor product GL„ x GL', GL„„' (Proposition 
17.0.141 ). Specializing to the context of Hilbert modular forms, we then discuss VK-algebraicity and the 

GL2 X GL2 GL4 transfer (its fibers and algebraicity properties) in detail, moreover linking it to the Galois 
sideEl Finally, we focus as above on the transfer ^G ^G related to Tate's lifting theorem. We prove the 
following algebraic refinement of the already-mentioned lifting result: 

Proposition 1.0.2. For simplicity, let GIF be a split semi-simple group. Let F be CM, and let nbe a cuspidal 
representation ofG{Af). Assume tToo is tempered. 

(1) IfjT is L-algebraic, then there exists an L-algebraic lift to a cuspidal automorphic representation n 
ofGiXp). 

(2) Ifn is W-algebraic, then there exists a W -algebraic lift n. 

In 96.2l we develop a conjectural framework that allows this result to be extended to all totally imaginary 
F. See page[8]of this introduction. In contrast, over totally real fields, we have the following: 

Proposition 1.0.3. Now suppose F is totally real, with n as before. Alternatively, let F be arbitrary, but as- 
sume that the central character co,^ admits a finite-order extension to a Hecke character ofZ{Af). Continue 
to assume tToo is tempered. 

(1) Ifn is L-algebraic, then it admits a W-algebraic lift n. 

(2) Assume F is totally real, and for the 'only if direction of the following statement assume Conjecture 
\L0.4\ below. Then the images offiy and Vy under X*{T) X*{Zq) lie in X*{Zq)[2], and n admits an 
L-algebraic lift if and only if these images are independent ofv\oo. 



For some choice of Borel containing T . Sucii a choice was imphcit in defining a dual group, with its Borel containing a 
maximal torus , and the above archimedean L-parameters. 

know of only one serious use of type A but not Aq Hecke characters since the early work of Weil and Shimura; they are used 
by Blasius-Rogawski in IBR93I to associate motives to certain tensor products of Hilbert modular representations. 

^Various interesting examples arise, such as the construction of f-adic Galois representations which are pure but have no geo- 
metric twists. 
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To give a few examples, when F is totally real there is no obstruction to finding L-algebraic lifts for G a 
simple split group of type A2n, E(„ E^, F4 or G2. The natural question to ask, then, is whether for other groups 
there actually are counter-examples. Corollary 112.3.41 applies limit multiplicity formulas (as in [Clo86|) to 
produce many discrete-series examples generalizing the basic case of mixed-parity Hilbert modular forms0 
The Conjecture 1 1 .0.4 1 mentioned here is a problem in local representation theory that plays a key role in the 
comparison of L-packets (both local and global) on G and G; we require it to deduce a description of the 
fibers of the transfer ^G — > ^G. In its most general form, Adler-Prasad conjectured ( IIAP06II ) the following 
for G and G quasi-split: 

Conjecture 1.0.4 ( IIAP06II Conjecture 2.6). Let v be a place of F, and let G and G be quasi-split groups, 
related as above. Then for any irreducible admissible (smooth for finite v, Harish- Chandra module for 
infinite v) representation ofG{F^,), the restriction 7r^,\G(F,,) decomposes with multiplicity one. 

The motivation for this conjecture is the uniqueness of Whittaker models for quasi-split groups. It is 
now known (by Adler-Prasad and others) for pairs (G,G) = (GL„,SL„) or {GU{V), U{V)) where V is a 
symplectic or orthogonal space over Fy, as well as for generic irvQ We also note that the assumptions 
on temperedness at infinity are not so serious as might appear: for a cuspidal automorphic representation 
of GL„(Af ), W-algebraic implies (unconditionally) tempered at infinity. Certainly some results for non- 
tempered n are also possible, especially now that Arthur ( IIArtll ) has proven his conjectures for classical 
groups. 

The Galois question parallel to these refined automorphic lifting results has been raised by Brian Conrad 
in MConllll . In that paper, Conrad addresses Ufting problems of the form 

A 

P / 
/ 

where H' H is a. surjection of linear algebraic groups with central kernel. He discusses existence (a 
local-global principle), ramification control, and /'-adic Hodge theory properties, and the results are com- 
prehensive, except for one question (see Remark 1.6 and Example 6.8 of [Con H I ): 

Question 1.0.5. Suppose that the kernel of H' H is a torus. If p is geometric, when does there exist a 
geometric lift p? 

This, in the case H - G^ ,H' = (5^, is the natural Galois analogue of Propositions [L0?2l and [L03l indeed, 
it provided much of the motivation to understand those automorphic questions. By 'geometric,' we mean 
almost everywhere unramified and de Rham at places above Conrad's Example 6.8 shows the answer 
is at least 'not always;' he produces a character 1^: ^ over certain CM fields L (with F the totally 
real subfield) such that Indj^(i^) reduces to a geometric projective representation that has no geometric lift. 
We have an essentially general, but unfortunately conditional, solution to this problem. Having assumed 
that certain (GL-valued) Galois representations are either automorphic or motivic, or merely satisfy certain 
Hodge-Tate weight symmetries (Hypothesis 113.0.81 ) that are consequences of these assumptions, we prove 
(Theorem 113.0.131 and remarks following): 

Theorem 1.0.6. Let F be totally imaginary, and let p: Tp ^ H{Qg) be a geometric representation satisfying 
Hypo thesis \13.0.^ Then p admits a geometric lift p: Tf //'(Q^). 

%or the relationship of these results with Arthur's conjectural construction, which requires modification, of a morphism Jlf — > 
^F, see Remarks l 12. 3. 2l and l 12.3.51 

For archimedean v, it is obvious in many cases, and in this context it should be accessible in general. 

As part of a general definition, we should also include reductive algebraic monodromy group- the Zariski closure of the image- 
but that is not essential for this question. 
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There is an analogue in the totally real case (Corollary 1 1 3 . 0. 1 2| ) . which is an exact parallel of Proposition 
11.0.31 It is somewhat surprising that the Galois theory is not more complicated than the automorphic theory: 
roughly speaking, the automorphic input of temperedness is missing, and the obstruction to finding a geo- 
metric lift, say for the simple yet decisive case GL„ PGL„, seems to be a question of ^-integrality rather 
than ^-integrality; this first appearance is, however, a red herring, and VK-algebraicity remains the condition 
of basic importance on the Galois side as well. 

We also include a local version of this result; it uses the same argument but requires no additional assump- 
tion on 'Hodge-Tate symmetry.' For K/Qg finite, we can ask the same sorts of lifting questions with Tk in 
place of Ff . A theorem of Wintenberger ( ||Win95l ). in the case of H' ^ H a. central isogeny, generalized by 
Conrad to H' ^ H with kernel of multiplicative type, asserts that for any ^-adic Hodge theory property P|j 
a p of type P admits a type P lift if and only if p restricted to the inertia group Ik admits a Hodge-Tate lift. 
This need not hold in the isogeny case, but we can complete this story by showing it holds unconditionally 
for central torus quotients: see Corollarv ll3.0.16l This question too was suggested by Conrad, and a more 
difficult variant will appear in §3.6 of ICC012 I. 

Having developed the automorphic and Galois sides in parallel, and having found the same answer to the 
two algebraic variants of Tate's lifting problem, we can use known results on the existence of automorphic 
Galois representations to construct, unconditionally, infinite families of Galois representations over totally 
real fields that fail to lift: ^TTl treats GSpin2,;+i — > S02„+i in the regular case (where on the automorphic side 
we try to lift L-algebraic, discrete series at infinity, representations n of Sp2„(Af ) to GSp2„(Af )). In other 
cases, we can use the conjectural Fontaine-Mazur-Langlands correspondence for GL„ to develop parallel 
results for other groups. Here is an example from ^141 

Proposition 1.0.7. Let F be any number field. Assume Fontaine-Mazur-Langlands and Conjecture \6.2.4\ 
Then any geometric p: Tf ^ PGL„(Q^) is automorphic, in the weak sense that there exists an L- alg ebraic 
automorphic representation n o/SL„(Af) such that p corresponds almost everywhere locally to nrl 

For F imaginary, we can invoke Theorem ll3.0.11l For F totally real, a rather deUcate descent argument 
is required. Similarly, we can deduce (see Proposition 114.2.61 ) from Fontaine-Mazur-Langlands some cases 
of the converse, providing evidence for a conjecture of Buzzard and Gee (Conjecture 3.2.1 of BBGIOII ). 

More generally, we are led to ask whether descent questions on the automorphic and Galois sides obey 
the same formalism: if k is L-algebraic on G/F with associated Galois representation p,^: Tp ^ ^G(Q^) (as 
conjectured in HBGIOI . for instance), then we can ask two parallel questions for a given L-homomorphism 

• Is TT the functorial transfer of an automorphic representation on HI 

• Does lift through ^//(Q^)? 

Closely related to these are the parallel questions: 

• If TT descends to H, then does it have an L-algebraic descent? 

• If Pjt lifts through ^H{Q{) — > ^G(Q^), then does it have a geometric factorization? 

We have aheady discussed some cases (arising from Tate's lifting question) of this general problem. Here is 
another example: 

Proposition 1.0.8. Continue to assume Fontaine-Mazur-Langlands and Conjecture \6.2.4\ Let H be a cus- 
pidal L-algebraic representation o/GL„(Af), and suppose that pn - Pi ® p2, where p,-: Ff — > GL„,(Q^). 
Then there exist cuspidal automorphic representations ni of GLmi^p) such that 11 = ni ^ n2- 



Hodge-Tate, crystalline, semi-stable, de Rham 

^''Xhis side-steps the following subtlety, which is at the heart of the failure of multiplicity one on SL,JF: two projective 
representations of a finite group can be element-by-element conjugate but not globally conjugate. See Example 14.0.241 and the 
discussion in 314.11 
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The interest of this result is that examples generated from mixed-parity Hilbert modular forms show that 
the jTj need not be L-algebraic; we observe in passing that in that context (F totally real, n\ - n2 - 2), certain 
cases of this result are, allowing a finite base-change, unconditional (via potential automorphy theorems). 
The structural point here is that the two Tannakian formalisms seem to be compatible in this tensor product 
example. In contrast: 

Proposition 1.0.9. Let F be totally real. Let p: Tf ^ PGL2(Qf) be geometric but have no geometric lift, 
and suppose Ad(p): Tf SOaCQ^) satisfies the (potential automorphy) hypotheses of Corollary 4.5.2 of 
liBLGGT] . Then there exists a lift p: Vf — > GL2(Q/') and, after a totally real base change F' IF, a mixed- 
parity Hilbert modular representation n on GL2/F', such that we have matching of local parameters 

Sym2(p)|r^, ^ Sym^{n)®x 

for some finite order, necessarily non-trivial, Hecke character x of F'. In contrast, restricting to L' - F'K 
where K/Q is a quadratic imaginary extension in which i is inert, we can find a lift p such that Sym^(p) 
corresponds to BCL'//r'(Sym^(7r)). 

Conversely, starting with a mixed-parity n, we can produce such a x and p. 

This proposition gives a precise example of the Fontaine-Mazur-Langlands correspondence breaking 
down past the L-algebraic/geometric boundary. It also quantifies a difference between descent problems 
(in this case, characterizing the image of Sym^) on the automorphic and Galois sidesO In all, these exam- 
ples motivate a comparison of the images of r : on the automorphic and Galois sides, when r is an 
L-morphism with central kernel. The most optimistic expectation (for H and G quasi-split) is that if ker(r) 
is a central torus, then the two descent problems for (L-algebraic) 11 and (geometric) pn are equivalent; 
whereas if ker(r) is disconnected, there is an obstruction to the comparison, that nevertheless can be killed 
after a finite base-change. 

Despite these comparisons of the Galois and automorphic formalisms, the theory we develop here is 
deeply inadequate. Note that Proposition 1 1 . 0. 7 1 ( as in the Buzzard-Gee conjecture) only makes claims about 
weak (almost everywhere local) equivalence of automorphic and Galois representations for groups other 
than GL„. The following two simple questions point toward just how much we are missing: 

Question 1.0.10. (1) Suppose that p: Tf ^ G^(Q^) is weakly-equivalent to an automorphic represen- 
tation 7: of G(Af ). Do there exist weakly-equivalent lifts p: Yf ^ G^(Q^) and n on (5(Af )'o 
(2) When does a weakly compatible system of representations pc: Tf ^ G^{Qf) lift to a weakly com- 
patible system p^.Tf^ G'^iQe)'^ 

The difficulties in answering the first question are reflected in the second, which in general has a negative 
answer; see Example 14.0.241 for the prototypical counterexample, which is familiar from the study of auto- 
morphic multiplicities and endoscopy. The only way I know to address the second problem involves both 
assuming and proving much more: granting that the pc are ^-adic avatars of a (pro-algebraic) representation 
of the motivic Galois group Qf f of motives over F with coefficients in E (a number field), and showing 
that this representation lifts to (a suitable f-form of) G^ , possibly after enlarging E. We have therefore 
come full-circle to the motivic lifting-problem raised at the beginning of this introduction. This is far more 
difficult than the corresponding automorphic and Galois questions, but we can unconditionally treat certain 
examples. 

In order to pose the question precisely, we need a category of 'motives' in which the Galois formalism of 
Qf is unconditional. There are two common constructions, one based on Deligne's theory (|DMOS82]) of 
absolute Hodge cycles, the other based on Andre's theory (| And96b]), much inspired by Deligne's work, of 
motivated cycles. We work with motivated cycles, since the inclusions 

algebraic cycles c motivated cycles c absolute Hodge cycles c Hodge cycles 

^ ^More simply, such examples exist for n : GLi —> GLi . 
We do not return to this question in these notes, but certain cases are manageable, and will be explained in a subsequent paper. 
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more or less imply that results about motivated cycled go through a fortiori for absolute Hodge cycles. 
Note that the Hodge conjecture asserts that each c is an equality; Deligne's 'espoir' ([Del79|) asserts that 
the last c is an equality. We let Mf,e denote the category of motives for motivated cycles over F with 
coefficients in E (see 316.2l and ll6.3l ). This is a semi-simple S-linear Tannakian category, and, choosing an 
embedding F C, we can associate (via the ^-valued Betti fiber functor) a (pro-reductive) motivic Galois 
group Qf,e- We will prove a lifting result of the form 

GSpin(V£) 
Qf,e SO{Ve) 

for certain p arising from (more or less) degree 2 primitive cohomology Vq of a hyperkahler variety over F; 
the extension of scalars Ve - Vq ®q £" is essential for the lifting result to hold. 

The starting-point for this refined motivic lifting result is work of Andre ( l|And96ai ) on the 'motivated' 
theory of hyperkahlers; indeed, his results imply a version of this lifting statement with F replaced by a 
large but quantifiable (with considerable work: see Theorem 8.4.3 of ||And9 6al) finite extension F' IF. Our 
contribution is the arithmetic descent from F' to F, and for this we use a variant of a technique introduced 
by Ribet ( ||Rib921l ) to study so-called 'Q-curves,' elliptic curves over Q that are isogenous to all of their 
FQ-conjugates. Passing from a softer geometric statement (compare: 'a variety over F has a point over 
some finite extension') to a precise arithmetic version (compare: 'when does a variety over F have a point 
over FT) typically requires some deep input; in this case, Faltings' isogeny theorem (pFalSBI)) does the hard 
work. The method requires a case-by-case analysis (depending on the motivic group of the transcendental 
lattice) of this question, and I have decided not to pursue all the cases here, but here is a partial result (see 
Theorem 117.2.51 Theorem 117.6.51 and Proposition 117.7.21 and following for more cases and more precise 
versions): 

Theorem 1.0.11. Let {X,rf) be a polarized variety over F satisfying Andre's conditions Ak,Bk,B^ (see 
gi 7. 1 D . For instance, with k - I, X can be a hyperkahler variety with b2{X) > 3. Suppose that the 
transcendental lattice Tq c Vq = Prim^^{Xc, Q)ik) satisfies either 

• Endq-HodgeiTq) = Q; or 

• Tq is odd-dimensional. 

For simplicity, moreover assume that det V( = det T[ = \ as T p-representations^ Then after some finite 
scalar extension to Ve = Vq ®q E there is a lifting of the motivic Galois representation : Qe SO(Vq).' 

GSpin(V£) 
Qf,e SO{Ve). 

Moreover, this lifting gives rise to a weakly compatible system of lifts : F/r GSpin(Vi) on A-adic 
realizations, for all finite places A ofE. 

For more cases in which Tq is even-dimensional, see 917.71 the omitted cases should yield to similar 
methods. In particular, we obtain in some cases a positive answer to the second part of Ouestion ll.0. 101 this 
compatibility of /1-adic realizations is not automatic for Andre's motives (nor for absolute Hodge cycles), 
so we need to exploit an explicit description of the lift. Moreover, the excluded case b2iX) = 3 of Theorem 

Hodge cycles are motivated.' 

^"^This can be achieved in each case after a quadratic, independent-of-^ extension on F. It is only so we can work with SO(Vf) 
rather than 0(Vf), but since our abstract Galois-lifting results apply to non-connected groups (see Theorem ll.0.61 for instance), this 
hypothesis is not essential. 
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ll.O.lll is addressed by a more general result for potentially abelian motives: we prove such a lifting result 
across an arbitrary surjection H' ^ H with central torus kernel: see Proposition 1 16.4.1 1 

Our next example seems to be a novel result even in complex algebraic geometry, where many authors 
have studied variants of the Kuga-Satake construction for Hodge structures of 'A'3-type' (see, for example, 
IIMor85l . HVoiOSI . UGalOOID . Generalizing the well-known case ( IIMor85ll ) of of an abehan surface- 
which has a Hodge structure of K2> type, so falls within the ken of classical Kuga-Satake theor\PI- we 
prove an analogous GSpin — > SO motivic lifting result for of any abelian variety (see Corollary 118.2.21 ). 
Moreover, we can describe the corresponding motive (in the spin representation) as a Grothendieck motive, 
without assuming the Standard Conjectures. 

Note that Serre has aske43 whether homomorphisms Qj PGL2 lift to GL2. This is closely related 
to the question of whether the derived group of Qj is simply-connected, but Serre notes that questions of 
this sort do not have obvious conjectural answers, even if we assume we are in le paradis motivique. Our 
abstract Galois lifting results, as well as the handful of motivic examples, suggest and provide evidence 
for the following sharpening and generalization of Serre's question, that this motivic lifting phenomenon is 
utterly general: 

Conjecture 1.0.12. Let F and E be number fields, and let H' -» H be a surjection, with central torus 
kernel, of linear algebraic groups over E. Suppose we are given a homomorphism p: QpE ^ H. Then iff 
is imaginary, there is a finite extension E' IE and a homomorphism p: Qf,E' He' lifting p ®e E'. If F is 
totally real, then such a lift exists if and only if the Hodge number parity obstruction of Corollary \13.0.12\ 
vanishes. 

This is consistent with the Fontaine-Mazur conjecture, Serre's expectation for ^j, and Theorem 1 1.0.61 
and indeed the three of them taken together imply this conjecture (mimic the proof of Proposition 1 16.4. lb . 
As we have seen, the cases of potentially abelian motives, hyperkahler motives, and abelian varieties provide 
some evidence both for this conjecture and for Serre's original question. In current work-in-progress, we 
study examples of this motivic lifting phenomenon for (unlike the examples in this paper) motives not lying 
in the Tannakian category generated by abelian varieties and Artin motives. There is clearly vast terrain 
waiting to be discovered here, some of which is not entirely hostile to exploration. 

A few other general themes recur throughout these notes, in automorphic, Galois-theoretic, and motivic 
variants. The first is the systematic exploitation of 'coefficients,' and the general principle that our arithmetic 
objects will naturally have coefficients in CM fields. In 96.2[ we use this principle to formulate (and prove, 
for regular representations; see Proposition 16.2.41) a conjectural generalization of Weil's result that a type A 
Hecke character of a number field F descends, up to finite order twist, to the maximal CM subfield F^m ; 
this generalization asserts that the infinity-type of an L-algebraic cuspidal automorphic representation of 
GL„(Af), over a totally imaginary field F, necessarily descends to F„„. In 916. 3[ we use this principle, 
which in the motivic context is more or less the Hodge index theorem, to establish for Andre's motives 
the Hodge-Tate weight symmetries needed for the Galois lifting Theorem 11.0.61 Finally, Corollary 115.2.101 
gives an example of how having CM coefficients can be exploited even in the study of abstract compatible 
systems of ^-adic representations. 

This last result is based on the following abstract independence-of-f result Fl 

Proposition 1.0.13. Letpc \ Yp GLfi{Q() be a compatible system of continuous, irreducible. Lie-multiplicity- 
free representations Tp — > GL„(Q^), so that pf = lnd^i(ri) for some Lie-irreducible representation re ofTpc, 
where the number field L^ a priori depends on €. Then the set of places of F having a split factor in L^ is 
independent of£. If we further assume that the L^ IF are Galois, then L^ is independent of i. 

^^The paper fGalOOl treats the case of a particular family of abelian four-folds, where a constraint on the Mumford-Tate group 
allows one to extract a Hodge structure of ATS-type; as we show, though, the lifting phenomenon is completely general. 
1^8.3 of ||Ser94l . 

^'See Proposition ! 1 5 .2.4l for a more general statement. 
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By Lie-multiplicity-free, we mean multiplicity-free after all finite restrictions. One application is a con- 



verse to a theorem of Rajan (Theorem 4 of |Raj98|), also generalizing a result of Serre (CoroUaire 2 to 



Proposition 15 of [ SerS l]). See ^TSl for further discussion, as well as the aformentioned application (Corol- 
lary ll5.2.T0l ). which is a weak Galois-theoretic shadow of the automorphic Proposition l6.2.4l In ^T5l we also 
record a variant for number fields of a result of Katz (for affine curves over a finite field; see [Kat87 1), which 
in particular clarifies the place in the general theory occupied by Lie-multiplicity-free (or more specifically. 
Lie-irreducible) representations: 

Proposition 1.0.14. Let p: Yp GLq (V) be an irreducible representation of dimension n. Then either pis 
induced, or there exists d\n, a Lie irreducible representation t of dimension n/d, and anArtin representation 
oj of dimension d such that p = t®oj. This decomposition is unique up to twisting by a finite-order character 
Consequently, any (irreducible) p can be written in the form 

p = Ind£(T (g) oj) 

for some finite L/F and irreducible representations t and to ofTi, with t Lie-irreducible and co Artin. 

This is a very handy result, which despite its basic nature does not seem to be widely-known. Some of 
our descent arguments in ^TT] rely on it. 

Finally, time and again our arguments are buttressed by some explicit knowledge of the constraints on 
infinity-types of automorphic representations, and on Hodge-Tate weights of Galois representations. More 
generally, we find that asking finer structural questions about the interaction of functoriality and algebraicity 
naturally leads to existence (and non-existence) problems that are often dissociated from functorialityl3 We 
certainly have many more questions than answers (scattered through §'s 4-7), although fortunately our main 
results depend largely on detailed study of GLi (§4), which provides both the technical ingredients for later 
arguments and the motivation for higher-rank results (namely, after a close reading of Weil's IIWei56l . the 
definition of W-algebraicity and the key descent principle of Proposition l6.2.4l) . In this latter respect, I do not 
believe that GLi has yielded all of its fruit- see the discussion surrounding Corollary 15. 1.81 - but the extreme 
difficulty of establishing the (non-)existence of automorphic representations with given infinity-types, even 
in qualitative form, necessarily tempers further conjecture. 

For a reader interested only in certain aspects of these notes, I hope that the table of contents is a clear 
reference to the points of interest. 

2. Notation 

For a number field F, we always choose an algebraic closure F IF and let Yf denote Gal(F/F). We write 
Cp = A^/F^ for the idele class group of F. 

If L/F is a finite extension inside F and W a representation of F/, (= Gal(F/L)), we abbreviate Indp^(W) 
to Ind£(W). For g e Tf, we write (gW) for the conjugate representation of gTig'^. 

We fix separable closures Q and of Q and for all £. We fix throughout embeddings : Q 
and too : Q "-^ C. An archimedean embedding t : F ^ C thus induces an £-adic embedding ^(t) = 

k ° ° I- - F "-^ Qi; and similarly an ^-adic embedding t: F "-^ Qf induces ^(r): F C. If there 
is no risk of confusion, we just write t*(l) and l*{t). These embeddings will be invoked (often implicitly) 
whenever we associate automorphic forms and Galois representations. 

For a connected reductive group G/F, we construct dual and L-groups and ^G over Q (having chosen 
a maximal torus, Borel, and splitting, although we will only ever make the maximal torus explicit), and then 
use Lc and too to regard the dual group over or C as needed. 

If V is a place of F, we denote by rec,, the local reciprocity map from irreducible admissible smooth 
representations (v finite) or irreducible admissible Harish-Chandra modules (v infinite) to (frobenius semi- 
simple) representations of the Weil(-Deligne) group of F,,. We use this in the unramified and archimedean 



'As we will see in ^ this theme is present even in the proof of Tate's original vanishing theorem H-{Tf, Q/Z) = 0. 
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cases, and for GL„. For the group GLi, this is local class field theory, normalized so that uniformizers 
correspond to geometric frobenii, which we denote /r,,. 

By a CM field we mean as usual a quadratic totally imaginary extension of a totally real field; these, and 
their real subfields, are the number fields on which complex conjugation is well-defined, independent of 
the choice of complex embedding. For any number field, we write F^-m for the maximal subfield of F on 
which complex conjugation is well-defined; thus it is the maximal CM or totally real subfield, depending on 
whether F contains a CM subfield. We also write Q"" for the union of all CM extensions of Q inside Q. 

For any topological group A, we denote by the group Homc.,.s(A, S') (S' is the unit circle); when A is 
abelian and locally compact, we topologize this as the Pontryagin dual. 

For any ground field k (always characteristic zero for us) with a fixed separable closure k\ and a (sep- 
arable) algebraic extension Kjk inside k\ we write K for the normal (Galois) closure of K over k inside 
k\ 

We always denote base-changes of schemes by sub-scripts: thus, X^' is the base-change X Xspeci Spec k' 
for a /c-scheme X and a base-extension Spec k' Spec k. Notation such as M ®k k' will be reserved (see 
^16.31 ) to describe extension of scalars from an object M of a ^-linear abelian category to one of a ^'-linear 
abelian category; when there is no risk of confusion we will sometimes denote this also by M^'. 

By the Fontaine-Mazur-Langlands conjecture, we mean the following: 

Conjecture 2.0.15 (Fontaine-Mazur-Langlands). Let p: Tf ^ GL„(Q^) be an irreducible geometric Galois 
representation. Recall from the introduction that this means p is almost everywhere unramified, and is de 
Rham at all places above t. Then: 

(1) (Fontaine-Mazur) There exists a smooth projective variety X/F such that p is isomorphic to some 
sub-quotient ofH^{X-p, Q^). 

(2) ({\)+Langlands) There exists a cuspidal automorphic representation H o/GL„(Af) such that for 
almost all v unramified for p, the eigenvalues of pifr^) agree with the Satake parameters of ffy, 
viewed in via the composition Lf o i^'(reCv(nv))I3 Moreover for l: F '-^ Q, the archimedean 
Langlands parameter 

rec,(n,)|;p.x : W-jr ^ GL„(C), 

landing in a maximal torus T^, is of the form z ^ Z^'Z^' for Pi,v^ € X,{T„), and for any t: F c 
Fy "-^ Q(, the Hodge-Tate co-character pr o/p|r,7,, is (conjugate to) Pi'^^. 
Conversely, given a cuspidal automorphic representation fl o/GL„(Af) with integral archimedean Lang- 
lands parameters, there exists an irreducible geometric Galois representation pn- ^ GL„(Q^) (depend- 
ing on Loo, it) satisfying the above compatibilities. 

Sometimes we will use 'Fontaine-Mazur-Langlands' only to refer to the conjectural correspondence be- 
tween Galois representations and automorphic representations, by-passing part (1) of Conjecture 12.0. 151 It 
implies a similar correspondence between semi-simple (not necessarily irreducible) geometric Galois repre- 
sentations and (suitably algebraic) isobaric representations of GL„(Af ). 
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WD(p|r^„/''-" a if o i^'(rec„(n„)) 
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Part 2. Foundations & examples 

This chapter discusses the motivating examples and technical ingredients that underly the general argu- 
ments of Chapter [3] After (® recalling foundational lifting results of Tate, Wintenberger, and Conrad, we 
undertake a detailed discussion of Hecke characters and ^-adic Galois characters, especially with refer- 
ence to their possible infinity-types and Hodge-Tate weights. In ^we first explain an abstract principle that 
is important for 'doing Hodge theory with coefficients;' we apply this to generalize Weil's result on descent 
of type A Hecke characters. Drawing further inspiration from iWei56ll . we then discuss what seems to 
be the most useful generalization of the type A condition to higher-rank groups, which we call W-algebraic 
representations. The subsequent sections (^and |9l) discuss the simplest non-abelian example, that of W- 
algebraic Hilbert modular forms, their associated Galois representations, and the first interesting cases of 
Conrad's geometric lifting question (Question 11.0.51) : although certain results in these sections are super- 
seded by the general theorems of Chapter [3l we can also prove much more refined statements in the Hilbert 

modular case, as well as some complementary results about the GL2 x GL2 GL4 functorial lift. Another 
case where more precise results are accessible with the current technology is for certain automorphic rep- 
resentations on symplectic groups, and their associated (orthogonal and spin) Galois representations. After 
some preliminaries about 'labeled Hodge-Tate-Sen weights' in ^TOl we discuss these examples in ^TTl 

4. Review of lifting results 

In this section, we review the basic Galois lifting results due to Tate, Wintenberger, and Conrad. We 
then highlight some of the basic problems that remain unaddressed by these foundational results. The two 
main elements of Tate's proof will come up repeatedly throughout these notes, so they are worth making 
explicit: he requires information coming both from the 'automorphic-Galois correspondence' and from the 
bare automorphic theory, which in our work amounts to some question of what infinity-types automorphic 
representation can haveo In Tate's proof, the former is global class field theory- in the form of the local- 
global structure of the Brauer group- and the latter takes the form of precise results about the structure of 
the connected component of the idele class group Cf. We will give a slightly different proof that emphasizes 
the continuity with some of our other arguments, especially Lemma [5. 1.51 

Theorem 4.0.16 (Tate: see Theorem 4 of IISer77i ). Let F be a number fiel^^ Then H^{Yf,W^) = 0. 

Proof. It suffices to prove H^(Tf, Qp/'Z-p) = for all primes p, and then an easy inflation-restriction argu- 
ment shows we may assume that F contains fip. Since H^iFp, Qp/Zp) is p-power torsion, to show it is zero 
we may instead show that multiplication by p is injective, or equivalently that the boundary map 

H\rF,Qp/Zp) ^ H\Yp,ZIp) = Bi{F)[p] 

is surjective (the identification with the Brauer group is possible since ^p c F). First we note that the 
corresponding claim holds for the completions F,,: since Br(fv)[/7] = Z/p (for v finite: for v archimedean 
the argument is even simpler), we only need the corresponding (at v) boundary map 6^ : H^{Tp^,,Qp/Zp) — > 
H\Tf,.,ZIp) to be non-zero, and thus only that multiplication by p on H^iTFy, Qp/'^p) should not be sur- 
jective. But a character F^ Qp/Zp is a -power if and only if it is trivial on Pp{F^,) c F^, and there are 

A very simple aspect of this extremely difficult problem, that is. 

As Tate observes, the same holds for global function fields, but we are not concerned with this case. 
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obviously characters not satisfying this condition. Note also that for 0,, € H^(Tf^,,Qp/Zp), the image Sy{(pv) 
depends only on the restriction 4>v\tJpiFy)- 

For global F, let a be a /7-torsion element of Br(F) c ^yBr(Fv), with local components a^,. By the local 
theory, for all v we have characters 4>v '■ Qp/Zp such that (5v(0v) = CKy, and the collection of or,, is 

equivalent to the collection of restrictions 4>v\tipiFy), i-C- to the corresponding character <p: iUp{Af) Qp/Zp. 
The fact that the o',, arise from a global Brauer class a implies that <p factors through iUp{F)\fip{Af), and we 
need only produce a finite-order extension to a Hecke character ^: Cf ^ Q/Z. The archimedean classes 
a,, are trivial for v complex, so Lemma [5.1.51 implies the existence of such an extension (note that it suffices 
to produce, as in the Lemma, an extension to a character : Cf — > Q/Z, since we can then project down to 
Qp/Zp and still have an extension of i^). □ 

As mentioned in the introduction, Tate's result certainly breaks down with finite coefficients. For example, 
view the ^-adic Tate module of an elliptic curve over a totally real field F as a projective representation. The 
obstruction to lifting to SL2(Qf) lives in //^(F/r, Z/2), and it vanishes if and only if the ^-adic cyclotomic 
character admits a square-root, which cannot happen for F totally real. 

The papers llConllll and IIWin95l both study the problem of lifting Galois representation F^ — > //(Q^) 
through a surjection of linear algebraic groups H' ^ H with central kernel. The problem naturally breaks 
into two cases: that of finite kernel (an isogeny), and that of connected (torus) kernel. It is helpful to contrast 
these cases using an algebraic toy model: 

Example 4.0.17. Let //'-»// be a surjection of tori over an algebraically closed field of characteristic zero, 
with kernel D, and suppose we are given an algebraic homomorphism p : G„, H. Via the (anti-) equiva- 
lence of categories between diagonalizable algebraic groups and abelian groups (taking character groups), 
we see that the obstruction to lifting p as an algebraic morphism lives in Ext'(X*(D), Z); in particular, when 
D is a torus, all such p lift. For instance, we can fill in the dotted arrow in the diagram 



/ 

/ 

Gm G; 



precisely when gcd{r, s)\n. The kernel of G^, G„, is connected precisely when gcd{r, s) = I, so ffiere is 
no obstruction in that case, and in general there is an explicit congruence obstruction. 

Since it is ffie basis of all that follows, I recall the application of Theorem l4.0.16l to lifting through central 
torus quotients (see Proposition 5.3 of llConllll ). 

Proposition 4.0.18 (5.3 of BConlll ). Let H' ^ H be a surjection of linear algebraic groups over Qf with 
kernel a central torus Then any continuous representation p: Tf ^ H{Q_() lifts to H'{Qi), i.e. we can 

fill in the diagram 

X 

P / 
/ 

/ 

Ff ^ Hm. 

Proof. By induction, we may assume = G^- There is an isogeny complement H'^ in //' to 5^: that is, 
we still have a surjection H'^ H, but now //J n 5 ^ is finite0 and thus equal to c G„, for some no. For 
any integer n divisible by n^, we can enlarge H'. to H'^ :- H' • [«], which now surjects onto H with kernel 



I use this awful notation to remain consistent with the 'dual picture' that we will later use to think about these questions. 
The simplest example is SL„ c GL„. 
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S^[n] = yu„. These isogenies yield obstruction classes c,j € //^(Ff ,Z/«) (as -module, the /i„ c is 
of course trivial) that are compatible under the natural maps Z/n Z/n' for n\n'. Tate's theorem (ISerTTl) 
tells us that 

limH^{YF,Z/n) - H^{Yf, Q/Z) - 0, 

n 

SO for sufficiently large n, there exists a lift p: F^ — > //^(Q^). □ 

Remark 4.0.19. • Note that crucial to lifting here is the ability to enlarge the coefficients: if H' ^ H 
is a morphism of groups over and p lands in H(Qt), then we only obtain a lift to //'(Qf (ju„)) for 
sufficiently large n. 

• For example (and similarly in general; compare Lemma [13.0.71 ). in the case of GL„ PGL„, this 
proof produces lifts with finite-order determinant. If p is Hodge-Tate, it is possible that no such 
lift is also Hodge-Tate. These non-Hodge-Tate Galois lifts have no parallel in the 'toy model' of 
Example 14.0.171 but we will use them as a stepping-stone toward finding geometric lifts, just as in 
the automorphic context we can choose an initial, possibly non-algebraic, lift, and then modify it to 
something algebraic (see Proposition 112.3.11 ). By contrast, in the 'motivic' version of this problem 
(see ^TT] ). the motivic Galois group does not have the extra flexibility to admit such 'non-algebraic' 
fifts. 

• If p is almost everywhere unramified, then it is easy to see that p is almost everywhere unramified; 
see Lemma 5.2 of liConlU . 

The problem of lifting through the isogeny H'^ — > H (or any isogeny H' H) is taken up in ||Win95ll . 
Before describing this work, we state results of Wintenberger and Conrad related to lifting /j-adic Hodge 
theory properties through central quotients 

Theorem 4,0.20 (Corollary 6.7 of HConllll ). Let H' H be a surjection of linear algebraic groups over 
with central kernel of multiplicative type. For K I Q^t finite, let p: Tk ^ H{Q() be a representation satisfying 
a basic i-adic Hodge theory propertP^ P. Provided that p admits a lift p: F^ ^ H'{Qi), it has a lift 
satisfying P if and only ifp\i^ has a Hodge-Tate lift Ik H'{Q(). 

Remark 4.0.21. When the kernel of H' H is a. central torus. Proposition 14.0. 1 8l shows that p always 
has some lift. We will see later (Corollary 113.0.161 ) that it even always has a Hodge-Tate lift, so there is 
no obstruction to finding a fift p: Tk ^ H'{Q_() satisfying P. Even simple cases of this theorem yield very 
interesting results: for instance, applied to H' = GL„| xGL„2 GL„,„2 = H, it shows that if a tensor product 
of Fif-representations satisfies P, then up to twist they themselves satisfy P. We will use this example in 
Proposition 114.2.71 

We now sketch the proof of Wintenberger's main global result. This provides an occasion to simplify and 
generalize the arguments using subsequent progress in /j-adic Hodge theory; it also serves to make clear 
what these methods do and do not prove, and to set up a contrast with the quite difi'erent techniques that we 
will use. 

Theorem 4.0.22 (2.1.4 of IIWin95ll ). Let H' H be a central isogeny of linear algebraic groups over Q. 
Let S be a finite set of non-archimedean places off. Then there exist two extensions of number fields F" D 
F' D F, and a finite set of finite places S' of F' such that for any prime number t and any representation 
Pf '.Yf^ H{Qi) satisfying 

• pf has good reductioi^ outside S ; 



Wintenberger treated isogenies; the general case is due to Conrad. 
'Hodge-Tate, de Rham, semistable, crystalline 

'Meaning unramified for places not dividing £, and crystalline for places above f. 
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• For all v\€, the one-parameter subgroups p.^ '■ G„, //c/?,, giving the Hodge-Tate structure ofpclr^^, 
lifttoH'c^E 

then the restriction p^lr^, admits a geometric lift p'^, unramified outside S', to H'{Qf); if pc is crystalline 
(resp. semistable) at places above £, then the lift may be chosen crystalline (resp. semistable). Moreover, 
the restriction p^|r^„ is unique, i.e. independent of the initial choice of lift p'^. 

Proof. We follow Wintenberger's arguments in detail, simplifying where the technology allows. First we 
explain some generalities: since the map on Q^-points tt^ : H'(Qc) H(Qf) need not be surjective, we have 
an initial obstruction O^ipi) in Hom(rf , //^(Fq^, ker tt)) given by the composition 

Tf ^ H{Qt)/im{7rf) ^ //'(FQ,,ker7r(Q^)). 

We have the choice of killing this obstruction by enlarging to some finite extension, or by restricting F; 
following Wintenberger, we will do the former. Having dealt with this obstruction, we will face the more 
serious lifting obstruction O^ipc) in //^(r/^-,ker7r(Q/)). 

With these preliminaries aside, we construct the field F' , first dealing with all but the (finite) set of £ lying 
below a place in S . Let a(;r) be the annihilator of ker/r. The field F' (and set of places 5") will be defined, 
independent of {, in the following three steps: 

• Let F\ be the maximal abelian extension of exponent a{n), unramified outside S . For all £ and pf, 
the class O^ipi) dies after restriction to Ff , : outside ofS { - S ^ {v\(], it is of course unramified, and 
if v\€ but V ^ S (i.e. pAvp^. is crystalline), then Theoreme 1.1.3 of ||Win95ll ) shows the existence of a 
crystalline lift, valued in H'{Q_e), of pf|/^_ 

• Let F2/F1 be a totally imaginary extension containing Qi^ain)) and such that for all places v' above 
a place v in 5, a(7r) divides the local degree [F2y : f'i,v(^a(n-))]- If we write 52 for the set of places 
of F2 above S , £, or a{ni) (the annihilator of ker7r(Qf)), then this implies local triviality of the 
obstruction classes, as long as we assume S contains no places above {. That is. 



d^(pi) e ker 



veSiUSo 



At v' above S , the fact that F2 contains (a(7T) makes the local obstruction class a Brauer obstruction, 
which is killed over F2 by the assumption a{n)\[F2y : ^ i,v(^a(ff))]- At places not in S but above 
a{n() there is no obstruction, since unramified reprsentations always lift (granted that O^ipi) is 
trivial). Finally, at places above i, which we have assumed for now do not lie in S , Wintenberger's 
local result implies the existence of a (crystalline, even) hft0 

Let F3 be the Hilbert class field of F2. By global duality, the above kernel is Pontryagin dual to 



ker 



The Galois module ker7r(Qf)* is trivial since F2 contains ^a{n), so this is just the space of homomor- 
phisms F/r, ^ ker7r(Q^) that are unramified everywhere and trivial at the places 5 2. Restriction of 
the class O^ipc) to F3 corresponds to (via global duality for F3 now) the *transfer* on the Pontryagin 
dual of the //''s, so by the Hauptidealsatz, 0^(pc) dies upon restriction to F3. 
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When some local lift 7^,, — » H'(Qc) exists, this condition is equivalent to the existence of a local Hodge-Tate lift. When Pfl/,.^, 
is moreover crystalline, or semistable, it is equivalent to the existence of a crystalline, or semistable, lift. 

Since weakly-admissible is now known to be equivalent to admissible, Wintenberger's argument applies without restriction 
on the Hodge-Tate weights, or the ramification of the local field F,,/Qf. 

■^^On the full decomposition group F^,,, this is the Proposition of 1.2 of |Win95l ; to extend from If^, to F^^,, one must use the 
fact that a crystalline lift on inertia is unique. 
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We conclude that, independent of t not below places of S , and of p( satisfying the hypotheses of the the- 
orem, there exist lifts over the number field F3. To deal with £ for which the local representations are not 
crystalline, we apply Proposition 0.3 of ||Win95l to find a finite extension F{£)/F, unramified outside S [, 
and such that all pelrfici will liftEB Enlarging 7^3 by the composite of the F{£) (for £ below places of S), we 
obtain a number field F4 and a set of places S 4 equal to all places above 5 or a(n), such that for all £, any p{ 
as in the theorem has a lift with good reduction outside S4 after restriction to Tf^. 

The final step of the argument makes one final extension to show that these lifts can be taken crystalline 
(or semistable) whenever pc is, and even unramified outside all primes above S e (including those above a{n), 
although this is not necessary for the theorem's conclusion)^!] This will be the number field F', and the set 
of places S ' can then be taken to be those above S . Finally, all such lifts p'^ (with good reduction outside S ') 
are the same over the maximal abelian extension of exponent a{n), unramified outside 5", of F'; this is our 
F". □ 




Remark 4.0.23. We can apply the theorem to a system of representations p^ all having good reduction 
outside S , and all having liftable Hodge-Tate cocharacters (which in the 'motivic' case we may assume all 
arise from a common underlying geometric Hodge structure), to obtain a common number field F' , with 
finite set of places 5", and a further extension F" such that the whole system lifts to F' (with good reduction 
outside S'), and such that all the lifts are unique over F" . The crucial limitation of this result is that, even 
if the pt are assumed to be the system of ^-adic realizations of some motive (for absolute Hodge cycles, as 
in IIWin951 . or for motivated cycles), the proof of the theorem produce lifts that are neither (proven to 
be) motivic nor even weakly compatible (almost everywhere locally conjugate). So, even with the strong 
uniqueness properties ensured by Wintenberger's theorem, it is still not at all clear how to lift a compatible 
(or even motivic) system of /'-adic representations to another compatible (or motivic) system. 

Here is the simplest cautionary example of how weakly compatible systems need not lift to weakly com- 
patible systems; it arises from an example due to Serre (see liLar94J ) involving projective representations 
that are everywhere locally, but not globally, conjugate: 

Example 4.0.24. For any positive integer n, let //„ denote the Heisenberg group of upper-triangular unipotent 
elements in GL3(Z/«Z). This is a non-split extension 

1 ^ Z/« ^ //„ ^ Z/n X Z/« ^ 1, 

and writing A and B for lifts of the generators of the quotient copies of Z/«, and Z for a generator of the 
center, we have the commutation relation [A,B] = Z. Now let ^ be a primitive ri^ root of unity; for any 
a € Z/n, we can then define a representation pa'. ^ GL„(C) by, in the standard basis e,, / = I,. . .,n, 
and abusively letting eo denote g„ as well, 

A{ei) = ei-i 
B(ed = C^'-'^^ei 
Z{ed = Cei 

for / = \,. . .,n. One can check that for all a € iZInT,)^, the associated projective representations : //„ 
PGL„(C) are everywhere locally conjugate. Nevertheless, for distinct a, they are not globally conjugate: if 
they were, then the corresponding GL„(C)-representations would be twist-equivalent. The implications for 
our problem are the following: take and "ppior a y6, and form a weakly-compatible system p^ : Ff -» 
Hn PGL„(Q^) {Hn certainly arises as Galois group of a finite extension of number fields.) in which some 



This is a 'soft' result. It is easy to see that for fixed I, all pc unramified outside 5 lift after restriction to some F{1). The point 
of Wintenberger's theorem is that, with the ^-adic Hodge theory hypotheses, F{t) can be taken independent of L 
'''We omit the details. See Lemme 2.3.5 and following of IWin95l . 
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Pf are formed from pa and others from pp. There is then no system of weakly-compatible lifts pc-.Tp ^ 
GL„{Q_(), since any character of Tf is trivial on Z (viewed as an element of Gal{F"^F' /F), where F' /F is 
the given //„ -extension; note that Gal{F"^'F' /F"^') is generated by Z). Also note that we can even produce 
such examples where the lifts to GL,j(C) have the same determinant: 

A ^ (-1)"-^; 

S 1 if « is odd, or if a and n are even; -1 otherwise; 
Z 1. 



-X 



Thus, even weakly compatible systems Tp ^ PGL„(Q^) x need not have compatible lifts through the 
isogeny GL„ — > PGL„ x G^- 

To connect this example more explicitly with endoscopy, note that CentpGL„(C)(Pff) is the (cyclic order 
n) subgroup generated by p^iA), whereas pa itself is irreducible. These centralizers partially govern the 
multiplicities of discrete automorphic representations in Arthur's conjectures. Explicitly, pa{ABA~^) = ^"B. 

5. GLi 

A detailed analysis of the GLi theory provides both motivation and technical tools for addressing the 
more general Galois and automorphic lifting problems. 

5. 1. The automorphic side. We begin by reviewing some basic facts about Hecke characters tA : A^/F^ 
C^. Any such if/ is the twist by | • I*", for some r e R, of a unitary Hecke character. At each place v of F, 
lAv = >/'\f^ can be decomposed via projection to the maximal compact subgroup in F^; at v|oo, this lets us 
write any unitary if/y in terms of a given embedding : F^ "-^ C as 

if/viXv) = (tv(Xv)/kv(-^v)l)'""kv(-^v)lc ' 

with My = nii^, an integer, and a real number. To avoid cumbersome notation, we will sometimes omit 
reference to the embedding ly. Hecke characters encode finite Galois-theoretic information as well as rather 
subtle archimedean information; the latter will be particularly relevant in what follows, and the basic obser- 
vation ( IIWei56ll ) is: 

Lemma 5.1.1. There is a (unitary, say) Hecke character ofF with archimedean parameters {m^, ?v)v|oo, as 
above, if and only if for some positive integer M, all global units a € satisfy 



n 



V v|o 



Vv{a)\ 



M 



1. 



Equivalently, the inside product is trivial for all a in some finite-index subgroup ofO^. 

Recall that ifj is said to be of type A if r € Q and t^ - for all v. Then Weil ( IIWei56ll ) shows: 

Lemma 5.1.2 (Weil). Letx be a type A Hecke character locally trivialized by the modulus m. x then induces 
a character x™ of I™, the group of non-zero, prime to m, fractional ideals, whose values are all algebraic 
numbers. 

Later we will be interested in a higher-rank version of the type A condition; in current discussions of 
algebraicity of automorphic representations, people tend to focus on analogues of type Aq. We recall a basic 
result of Weil-Artin (|Wei56 |), which will later inspire much of our discussion in higher-rank as well. 

Lemma 5.1.3 (Weil-Artin). Let if/ be a type- A Hecke character of a number field F. Write Fan for the 
maximal CM subfield of F. Then there exists a finite-order Hecke character xo of F and a type- A Hecke 
character ij/' of Fcm such that ij/ - xo ' BCf/f^^{if/'). If Fan is totally real, then tjj is a finite-order twist of 
some power | • I'', r € Q, of the absolute value. 
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Remark 5.1.4. We emphasize that the true content of this result, which should fully generalize to higher-rank 
(see Proposition 16.2.41 ). is that the infinity-type of a type-A Hecke character descends to the maximal CM 
subfield. 



Proof. Weil leaves it as an exercise, so we give a proof. We then indicate a second proof, which we will 
apply more generally in Proposition 16.2.41 First assume F/Q is Galois, and set G - Gal(F/Q). We may 
regard F as a subfield of C (i.e., choose an embedding), so the above relation becomes 



for all a in some finite-index subgroup of and some integers nig. Now take any embedding l: F "-^ C, 
using it to define a complex conjugation c, on F, and thus on G. In particular, when F is totally imaginary 
we can rewrite the above as 



G/c, 

which by the unit theorem is only possible when nig + ruc^g equals a constant w, independent of g; the 
analogous argument in the totally real case shows that the tUg themselves are independent of g, concluding 
that case of the proof. But W; is independent of l as wellH hence nig + nic^g is independent both of g and the 
choice of conjugation. This impUes that for any two nig = nic^c,,g, and since F„„ is precisely the fixed 
field (in F) of the subgroup generated by all products CiC,', we are done. 

Now let F be arbitrary, and let i/^ be a type A Hecke character of F. As usual letting F denote the 
Galois closure, we know from the Galois case that has infinity-type descending to {F)cm- Setting H\ = 
Gal(F/F) and H2 = Gal(/'/(f )„„), the values m^^_ (for embeddings £,,: F C) are constant on //i -orbits 
(by construction) and //2-orbits (by the Galois case), hence on HiH2-orhits. But F n (F)c,„ = F„„, so 
H\H2 = Gai{F /Fern), and the infinity-type descends all the way down to Fan, proving the lemma in general. 

Later, we will generalize the following argument (see Proposition 16.2.41 for more details) in the totally 
imaginary case: for all a e Aut(C), there is a Hecke character ""ifr whose finite part is "'ifrf{x) = cr{ifrf{x)) 
and whose infinity-type is given by the integers m^-i^^ (the key but easy check is F^-invariance). We may 
assume ifr is unitary, so '^ip = ip^^, and therefore the fixed field Q(i/'/) c Q of all cr € Aut(C) such that 
= (/rj is contained in Q'^'". The result follows from some Galois theory. 

As pointed out to me by Brian Conrad, a third, more algebraic, approach is possible, where infinity-types 
of algebraic Hecke characters are related to (algebraic) characters of the connected Serre group; compare 
the discussion of potentially abelian motives in 916.4.11 Of course, in all arguments, the unit theorem is the 
essential ingredient. □ 

We will have to analyze Hecke characters in the following setting: An automorphic representation n on 
an F-group G has a central character a)„ : Zg(F)\Zg(A) C^, and we will want to understand the possible 
infinity-types of extensions 



[]g(a)"'^(c,g)(a)"'- = l. 



Applying log |i(-)|, we get (for all a) 




Zg{F)\Zg{A) 





Z(F)\Z(A) 



32, 



'For instance, whatever i, ||G|w, = Sjjeo™; 
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where Z is an F-torus containing Zq- The basic case to which this is reduced, for split groups at least, is 
where Zg = jJ-n and Z - G,„, where we have to extend a character from iin{F)\^n{^) to the full idele class 
group F^\X^. 

Lemma 5.1.5. Let F be any number field. Given a continuous character u: iin{F)\iin{X) — > S^,fix embed- 
dings ty : Fy "-^ C and write 

for some set of residue classes /n,, € Z/nZ. Then: 

• There exist type A (unitary) Hecke character extensions oj: F^\A^ — > if and only if the images 
my e Z/nZ depend only on the restriction v|f^„,. There exists a finite-order extension oj if and only if 
for all complex v|oo, the classes m^ € Z/nZ are all zero. 

• The extension oj is unique up to the n'^' power of another type A Hecke character, except in the 
Grunwald-Wang special case, where one first has two choices of extension to Cf[n] (then the n'^ 
power ambiguity). 

• In particular, if F is totally real or CM, then (unitary) type A extensions of u) always exist. If F is 
totally real, they are finite-order, and if F is CM, a finite-order extension can be chosen if and only 
ifo>\fx is trivial. 

Proof. For the time being, let F be arbitrary. The cokernel of //„(i^)\//n(A) Cf[n] is either trivial or order 
2 (the Grunwald-Wang special case), so we first choose an extension oj' to Cpln] (we will use this flexibility 
in Proposition ll2.2.2l Then Pontryagin duality gives an isomorphism 

C^/nC'^ ^ (Cf M)^, 

so there exists some oj e C^ extending oj', and it is unique up to n'^ powers. Restricted to F^, we can write 
(impUcitly invoking Ly) 

iOoo' (■^v)v|oo ]~~[(-^v/kvl)'"''l-'Cvlc 

v|oo 

for integers m,, and real numbers ty. Then a type A lift of oj' exists if and only if there is a Hecke character 
tfr with infinity-type 

fffoo'. (Xy) 1-^ |~[(Xv/|xviy"|xv|Ji''^" 

v|oo 

for some integers {ojifr~" is then the desired type A character). Following Weil, the existence of a Hecke 
character oj corresponding to the infinity-data {niy, ty]y is equivalent to the existence of some integer M such 
that for all a € Op, 

v|oo 

and, similarly, such a if/ can exist if and only if there exists M' eZ such that 

]~[(a/|a|)-^"^^''Vl^^^' - 1 

l'|oo 

for all a e (9^. Substituting, the left-hand side is Uv\ooia/\a\)^^'^'"-'"^^^^'^' , which can equal 1 for all a e 
if and only if there exists a type A Hecke chai^acter with infinity-type 

(X,) ^ Y\{Xy/\Xy\y>-'"\ 

v\oo 

By Weil's classification of type A Hecke characters, this is possible if and only if f.n - niy depends only on 
v\f^^. This in turn is possible (for some choice of f.) if and only if niy e Z/nZ depends only on v|f^,„. In 
particular, over CM and totally real fields F, there is no obstruction, so a type A lift of oj always exists. 
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The claim about existence of finite-order extensions is a simple variant: if all my (v complex) are zero in 
Z/?iZ, then there is a type A lift o) with infinity-type 

Woo : {Xy\,\0O ]~[(-^v/|-^vir" 

v|oo 

for some integers niy, all divisible by n and only depending on ivlf„„- But then there is also a type A Hecke 
character i// of F with infinity-type 

v\oo 

so ci)i//~" is a finite-order extension of a>. 

As for uniqueness, once a type A lift of a»' is chosen, any other is (by the discussion at the start of the 
proof) a twist by the n'^ power of another Hecke character, which must itself clearly be of type A. This is 
then the ambiguity in extending co itself, except in the Grunwald-Wang special case, in which there is the 
additional Z/2Z ambiguity noted above. □ 

Remark 5.1.6. • Of course any quasi-character of yU„(A) is unitary, and to understand all extensions it 

suffices (twisting by powers of | • |a) to understand unitary extensions- hence the restriction to 
instead of C^. 

• This raises a tantalizing question: certainly over a non-CM field F we can produce characters oj that 
have no type A extensions (although they certainly all have some extension to a Hecke character, 
by Pontryagin duality). What if oj actually arises as the central character of a suitably algebraic 
cuspidal automorphic representation (on SL„(A), for instance)? We return to this in 96.21 

A few consequences, either of the result or the method of proof, will follow; first, though, let us make a 
definition: 

Definition 5.1.7. Let F be any number field, and let >// € Cp be a unitary Hecke character. We say that ifr is 
ofMaass type if for all v|oo, the restriction tp^, : F^ ^ has the form x i-^ |x|'^' for real numbers t^,. 

Corollary 5.1.8. Let ij/: Cf be a Hecke character of a number field F. 

• IfFis totally real or CM, then ijj can be decomposed as 

<A = ^alg^Maass^fin\ ' 

where w is the unique real number twisting ijj to a unitary character, if/aig is unitary type A, 4^Maass 
is ofMaass type, and tpfm is finite order. The last three characters are all unique up to finite-order 
characters. 

• If ^Ij is ofMaass type (after twisting to a unitary character), with F arbitrary, then i/f is 'nearly 
divisible': for any n e Z there exist Hecke characters x ofMaass type and xo of finite order such 
thatx"xo = lA- particular, after a finite base-change if/ is n-divisible. 

• Write ^f{\) for the space (topological group) of all Hecke characters of F. Suppose F is CM, of 
degree 2 s over Q. Then there is an exact sequence 

1 ^ ^ J[f{\) ^ R X Z" X Q'"' ^ 1. 

(As always, denotes Hom(;v(rf , S'); it is the space of Dirichlet characters.) For the totally real subfield 
F+ of F, we have a similar sequence 

1 ^ rf^ ^ Jip^i) ^ R X Q""' ^ 1. 

It is also possible (via the unit theorem) to compute all possible infinity-types of Hecke characters of any 
number field, but we will make no use of this calculation. Roughly speaking, the new transcendentals that 
arise in the 'mixed' case where algebraic and Maass parts cannot be separated are the arguments (angles) of 
fundamental units. It is very tempting to ask whether for CM (or totally real fields) algebraic and spherical 
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('Maass') infinity-types on iiigiier-rank; groups can twist togetlier in a non-trivial way. If this question is too 
naive, is tiiere any other higher-rank generalization of part 1 of Corollary 15.1.81 ? 

We include a couple other related useful results. For the first, note that in contrast with the situation 
for £-adic Galois characters (see Lemma 15.2.21 below), a general Hecke character cannot be written as an 
n''' -power up to a finite-order twistl3 

Lemma 5.1.9. Let i// be a Hecke character of F, and suppose that L/F is a finite Galois extension over 
which BC^/f ((A) = iA ° NiiF is an n'^ -power Then up to a finite-order twist, ijj itself is an n''^ -power. 

Proof. Let oj be a Hecke character of L such that ip o Nl/f - oj". Then co is Gal(L/F)-invariant, and the next 
lemma shows that oj descends to F up to a finite-order twist □ 

The next lemma completes the previous one, and also enables a slight refinement of a result of Raj an (see 
below): 

Lemma 5.1.10. Let L/F be a Galois extension of number fields, and let if/ be a Gal{L/F)-invariant Hecke 
character ofL. Then there exists a Hecke character ij/f ofF and a finite-order Hecke character i/zq ofL such 
that ^ = (lAf o Nl/f) ■ i^o- 

Proof. We may assume ifr is unitary, and we may choose, for all infinite places w of L, embeddings l„ : L^ 
C such that all l„ for w above a fixed place v of F restrict to the same embedding t,, : F,, C. Gal(L/F) acts 
transitively on the places w\v, so when we write 



|in,(Xyy)| 



|ivv(Xw)| " , 



Gal(L/F)-invariance implies that the and depend only on the place v below w (from now on in the 
proof, the embeddings l^, will be implicit). We therefore denote these by m,, and t^. Lemma [5.1.11 implies 
there is a Hecke character of F with infinity-type given by the data {my, fylv Namely, there is an integer M 
such that for all a e O^, 



Restricting to o- € O^, this becomes 



1 = 



Vv|oo n'|i) 



Vtiio 



V v|oo 



vM#{vv|i'l 



al 



{#{w\v} is independent of v) which is simply the criterion for there to be a Hecke character of F with infinity- 
type given by the collection {m^, f^jy. Any such character has base-change differing from by a finite-order 
character, so we are done. □ 

Remark 5.1.11. The aforementioned theorem of Rajan describes the image of solvable base-change: pre- 
cisely, for a solvable extension L/F of number fields and a Gal(L/F)-invariant cuspidal automorphic repre- 
sentation n of GL„(Ai), Theorem 1 of [Raj02] asserts that there is a cuspidal representation kf of GL„(Af ) 
and a Gal(L/F)-invariant Hecke character i// ofL such that 

BCi/f (tto) ® (A - tt. 

Lemma [5.1.101 shows that this t/j may be chosen finite-order; in particular, for some cyclic extension L' /L 
(so L' /F is still solvable), BCL'/L(7r) descends to F. 



'Consider, for example, a type A Hecke character whose integral parameters at infinity are not divisible by n. 
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5.2. Galois GLi. We now discuss (continuous) Galois characters i}/:Yp ^ Q^. For the time being, F is any 
number field. These are necessarily almost everywhere unramified, and we focus on ^-adic Hodge theory 
aspects. The following is well-known, a combination of work of Serre, Henniart, and Waldschimdt: 

Proposition 5.2.1. Suppose that ip is de Rham. Then for all places v not dividing (, lAlPf^,, assumes algebraic 

values in Q Q^, and there exists a type Aq (i.e. L = C -algebraic) Hecke character i//: Ap/F^ — > 
corresponding to \jj (via Lea - Q "-^ C). Moreover, t// is motivic: the Fontaine-Mazur conjecture holds for 
GU/F. 

We make repeated use of the following well-known observation (see for instance Lemma 3.1 of llConllll ). 

Lemma 5.2.2. Let x- Tf be an l-adic Galois character For any non-zero integer m, there are 

characters X I, Xo- ^ Qe, with xo finite-order, such that x - (Xi)'"Xo. 

As on the automorphic side, we want to consider Galois characters somewhat outside the algebraic range. 
As is customary, we write HT^(p) to indicate the t: F Q^-labeled Hodge-Tate weights of an ^-adic 
Galois representation p; see ^TOl for details, as well as for what we mean when we write non-integral t- 
labeled Hodge-Tate-Sen weights. 

Corollary 5.2.3. Let F be a totally imaginary field, and n a non-zero integer For all t: F Qf, fix 
an integer Ict. Then there exists a Galois character ijj'.Tp with HTriip) = ^ (respectively, with 

HTr(0') = ^ mod Z) if and only if 

(1) kr depends only on tq := T\f^.^^^ (respectively, only depends modulo n on tq); 

(2) and there exists an integer w such that ^rn + ^tqoc = w (respectively, k^-g -I- ^rooc = w mod n)for all 
T, and c the complex conjugation on FcmO 

Proof. Suppose such a exists, with weights ^. i^" is geometric, and so (via if and ioo) there exists a type 
Aq Hecke character \fj oiF corresponding to i^". For v|oo and l^, : F,, C, i/'Ifx is given by 

lAv(Xv) = iv(^v)*'"*<'"'iv(^v)*"*<'''', 

where T*(tv) - T*^(tv) denotes the embedding F induced by t,,, lc and Lco. By purity for Hecke 

characters, there is an integer w such that ^t*(i,,) + ^T*(r,.) = w; moreover, by Weil's descent result, 
depends only on ivlF„„- The constraint on the weights follows. 

Conversely, given a set of weights satisfying the purity constraint, we form a putative infinity-type p^^, = 
kr*(i^) for a Hecke character of F; that this is in fact an achievable infinity-type follows from Weil. We form 
the associated geometric Galois character and then use the fact that, up to a finite-order twist, we can always 
extract roots of f-adic characters. 

The mod n statement is a simple modification. For instance, to construct a character with given weights 
satisfying the purity constraint modulo n, proceed as follows. Choose a maximal set modulo c of embeddings 

To '■ Fan "—^ C. Choose lifts to Q of the congruence classes mod Z, and declare kr = kr^ for all r lying 
above these tq. Then choose w e Z lifting + ^^tqoc (mod n), which is possible by hypothesis, and set 

krooc — W — k-j-Q. □ 

The same technique yields an easy example of the constraints on Galois characters over totally real fields: 

Lemma 5.2.4. Suppose F is totally real, and tj/: Tf ^ Q/, is a character with all Hodge-Tate-Sen weights 
in Q. Then all of these weights are equal. Conversely, for x,d eZ, there are global characters with all HTS 
weights equal to |. 



If F is Galois, we can rephrase this as kr + k^oc = w for all choices of complex conjugation c on F. 
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Proof. For some integer d, all the HTS weights lie in ^Z, so i^^ is geometric, and therefore corresponds to 
a type Aq Hecke character. F is totally real, so ifj"^ must be, up to a finite-order twist, an integer power of the 
cyclotomic character. □ 

It is worth remarking that the most general answer to the question 'what Galois characters : — > 
exist' is essentially Leopoldt's conjecture. 

Finally, we will need a lemma refining the construction of certain Galois characters over CM fields: 

Lemma 5,2.5. Let F be a totally real field in which a prime t i^lis unramified. Let L - KF be its composite 
with an imaginary quadratic field K in which t is inert, and let tj/ be any unitary type A Hecke character of 
L. Then: 

(1) There exists a Galois character i^: F/, — > such that ijp' corresponds to (which is type Aq). 

(2) Moreover, the frobenius eigenvalues tj/ifry) at all unramified v lie in Q"". 

Proof. First, let m^^, as before denote the integers giving the infinity-type of tfr. Using the known algebraicity 
of (A ( IIWei56ll ) and the fixed embeddings too, Le, we can define the ^-adic representation associated to t/r^: 



orec^^: A^/(LXLS,) 



w\too w\t \ 



t: L,.. 



-X 



By the dual Grunwald-Wang theorem, to show that (i/'^)^ is the square of some character F^ ^ , it suffices 
to check that for all places w of L, the above character is locally on a square. This in turn immediately 
reduces to seeing whether, for each w\{, the character : L^. given by 

r: L,„^Q^ 

is a square. Writing 

Ll = {{)x^i^{Ll)x{\+{0„), 

it suffices to check on each component of this factorization. On the {{) factor, this is clear (choose a square 
root of Xw{i))- On the 1 -i- £0„ factor, the /'-adic logarithm, using our hypotheses that ^ ?t 2 is unramified, 
lets us define a single-valued square-root function, and thus extract a square root of X\^\mo„.- Now note 
that the product over t: L„ "-^ Qi is a product over pairs of complex-conjugate embeddings extending a 
given Fv "-^ Q^, and ni(»(f) = "ip^ = -fn^'^r) (lA is unitary). //oo(^^) is isomorphic to Z/{q - 1)Z, where q 
is the order of the residue field at w. Let ^ i-> 1 give the isomorphism, for ^ a primitive (q - ly' root of 
unity. Complex conjugation must identify to multiplication by an element r e Z/(^ - 1) satisfying = 1 
mod q - 1; in particular, r is an odd residue class. Then x i-^ r(;c)'"'*<'^) ■ (r o cXxy'"''^ takes ^ to an even 
power of t(0, hence ^„.|^_^(i><) is a squareEl 

The second part of the lemma follows from the construction of tp and the corresponding statement 
(' IIWei56i ) for the type A Hecke character tp. □ 

6. Coefficients: general principles and generalizing Weil's CM descent 

The principle behind this section is that careful attention to the 'field of coefficients' of an arithmetic 
object can yield non-trivial information about its 'field of definition,' or that of certain of its invariants. 



'Note also that if f is split in L/Q,x„- cannot be a square when m,. ^(j) is odd. 
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6.1. Coefficients in Hodge theory. We first record in an abstract setting a lemma wliose motivation is 
'doing Hodge theory with coefficients.' Let A: be a field of characteristic zero, and let F and E be extensions 
of k with Flk finite. Let D be a filtered F ®u ^-module that is free of rank d. Let E' be a Galois extension 
of E large enough to split F over k. For all (/:-embeddings) t: F '-^ E', we define the r-labeled Hodge- 
Tate weights HT^(D) as follows: for such t we have orthogonal idempotents e-^ ^ F ®k E' giving rise to 
projections 

F®,E'^Y[^' 

r 

The projection er{D ®e E') is then a filtered -vector space of dimension d, and we define HTt(Z)) to be 
the collection of integers h (with multiplicity) such that 

grVr(£>®i? E')) + 0. 

A particular case in which we apply this formalism is that of, for KjQi a finite extension, a de Rham 
representation Tk GLq (V). Djr(V) is then a filtered K Q^-module, with total space free of rank 
dim^^ V. We write HT^(V) for HT^(Djr(V)). In this section, however, we emphasize the general formalism: 
one should really keep in mind not /'-adic Hodge theory, but rather the de Rham realization of a motive over 
F with coefficients in E. 

Lemma 6.1.1. HTriD) depends only on the Gal{E' / E)-orbit of t: F E' . If Elk is Galois, then HTt-(D) 
depends only on the restriction t|^-1(£). 

Proof. Here is a coordinate-free proof, suggested by Brian Conrad to replace my original coordinate-heavy 
argument. We decompose F^jS into a product of fields n Ei, writing qi : F^^E -» E, for the quotient map. 
This yields filtered Fj-vector spaces D,- for all /. Any S-algebra homomorphism t: F ®k E ^ E' factors 
through qi(r) for a unique index /(r), and then HT^(D) is simply the multi-set of weights of Di(jy This 
implies the first claim, since the Gal(£''/£)-orbit of r is simply all embeddings r' for which /(r') - i(T). 

Now we assume E/k Galois and address the second claim. Having fixed a 'reference' embedding 
To : F £■', it makes sense to speak of F D E := F D t~^(E) inside E. Obviously E splits F D E over k, so 
we can write 

F®kE = F ®f n£ iFnE®kE) = Y\^ ^FnE,cr E, 

where the cr range over all embeddings F D E "-^ E. These factors F 'S>FnE,a- E are themselves fields, since 
E/k is Galois, and so this decomposition realizes explicitly the decomposition of F (gi/t £ into a product 
of fields. In particular, by the first part of the Lemma, HT^(D) depends only on /(r), i.e. only on the 
o" : F n £■ ^ £■ to which t restricts. □ 

Definition 6.1.2. We call a filtered F ®,t F-module D regular if the multi-sets HTt(D) are multiplicity-free. 

A very simple application that we will use later is: 

Corollary 6.1.3. Let D be a filtered L^kE-module (globally free) for some finite extension L/F, and suppose 
L does not embed in E. Then the restriction of scalars (image under the forgetful functor) Res/,//r(D) is not 
regular 

6.2. GeneraUzing Weil's CM descent of type A Hecke characters. In the coming sections we pursue 
higher-rank analogues of two aspects of Weil's paper liWei56il . This section extends the important observa- 
tion that type A Hecke characters of a number field F descend, up to a finite-order twist, to the maximal CM 
subfield Fan (see Lemma [5.1.3l ). Of interest in its own right, this generalization also provides some of the 
intuition necessary for a general solution to Conrad's lifting question (Ouestion ll.0.51 ). 
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The following notation will be in effect for the rest of the paper. Let G/F be a connected reductive group. 
For each v|oo fix an isomorphism iy : F,, C. For n an automorphic representation of G(A/r), we can write 
(in Langlands' normalization) the restriction to Wj of its L-parameter as 

rec,,,(^v): z ^ hizf-lAzY"' € T\C). 

with iUi^,,Vi^, e X*{T)c and - v,,, e X*{T). For v imaginary, /^j^, = Vi^,. Unless there is risk of confusion, 
we will omit reference to the embedding ty, writing fi^ = /i,^,, etc. Recall that, in the terminology of BEG 1 01 . 
7T is L-algebraic if for all v|oo, and v,, lie in X*{T); it is C-algebraic if yUy and Vv lie in p + X*(T), where 
p denotes the half-sum of the positive roots (with respect to our fixed Borel containing T used to define a 
based root datum of G). 

Our starting point is a result (and, more generally, conjecture) of Clozel. Take G = GL„/F and, for 
simplicity, F to be totally imaginary. We collect the data of tt's archimedean L-parameters as M = 
which we will loosely refer to as the 'infinity-type' of k. For cr € Aut(C), define the action °"M = l/ig- iji. 

Theorem 6.2.1 (Theoreme 3.13 of HCloQOI ). Let F be any number field, and suppose n is a cuspidal, C- 
or L-algebraic automorphic representation o/'GL„(Af ) that is moreover regular Then Jif has a model over 
the fixed field Q(nf) cQcCofall automorphisms cr e Aut(C) such that "'^Tf = Try, with Q(7ry) in fact a 
number field for n C-algebraic. For each cr € Aut(C) there is a cuspidal representation °'n with finite part 
"'jif = ®c,o- C and with infinity-type °"M. 

More generally, Clozel conjectures this for any C-algebraic isobaric automorphic representation of GL„(A/r). 
Clozel's theorem and conjecture are stated for C-algebraic representations, but the L-algebraic analogue fol- 
lows easily by twisting. 

Hypothesis 6.2.2. Throughout the rest of this section, we will assume that n is an isobaric C- or L-algebraic 
automorphic representation o/GL„(Af) satisfying the conclusion of Clozel's theorem. 

We first note an elementary but crucial refinement of Hypothesis 16.2.21 

Corollary 6.2.3. The field Qinf) is CM. 

Proof. It suffices to check for each factor in an isobaric decomposition, so we may assume n is cuspidal. 
Consider a unitary twist 7t\ ■ |"', with w necessarily some half-integer w. Its field of definition is CM if 
and only if that of n is. Therefore we may assume n is unitary. The L^ inner product then implies that 
= ''n, which in turn implies that for all cr € Aut(C), '^"'n = "'^n, and therefore that the fixed field Qinf) of 
{cr € Aut(C) : °"7r = tt) is CM. □ 

We can now formulate (and prove under Hypothesis 16.2.21 ) the appropriate higher-rank generalization of 
Weil's result that type A Hecke characters of F, up to a finite-order twist, descend to 

Proposition-Conjecture 6.2.4. Let n be as in Hypothesis \6.2.2\ Conjecturally, this should hold for all 
isobaric C- or L-algebraic automorphic representations o/GL„(A/r). Then the infinity-type ofn descends to 
^ cm- 
Proof. Let E denote the Galois closure (in C) of Qinf); E is also a CM field. Extend each t: F C to 
an embedding I : F C of the Galois closure F. The image 1(F) c C does not depend on the extension. 
By the corollary, l{F) is linearly disjoint from E over i((F)c,„), and therefore we can find cr e Aut(C/F) 
restricting (via t) to any element we like of Gal(F/(F)cm); the collection of such cr acts transitively on the 
set of embeddings F C lying above a fixed F n {F)cm - Fan ^ cEl For any two such t, t' : F ^ C 
(related by cr e Aut(C/F)), we deduce, since °'n = n and hence °'M = M, that p^ = p^r-h - l^i'- ^ 

Any study of algebraic automorphic forms over non-CM fields will need to take this result into account. 

^^G = Ga\(F/F„„) is generated by H = Gal(F/F) and H' = Gal(F/F„„), with H' normal. The set HomF^ JF, C) is permuted 
transitively by G, with H acting trivially, so for any such embedding x, H'x = H'Hx = Gx = Hom/r^,„, (F, C). 
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Remark 6.2.5. • If tt is regular, this yields an unconditional descent result for its infinity-type. 

• Let F be a CM field and tt be a regular L or C-algebraic cuspidal representation of GL„(Af ). Sup- 
pose that n - Ind£(7ro) for some extension L/F. Then L is CM. This modest consequence of the 
proposition suggests that in the study of regular automorphic representations/motives/Galois repre- 
sentations over CM fields, we will never have to leave the relative comfort of this setting. In 915.21 
we discuss an abstract Galois-theoretic analogue. 

• If we know more about QCttj) than that it is CM (an extreme case: Q(7r/) = Q), the proof of the 
proposition yields a correspondingly stronger result. For the related formalism, see 96.11 

Remark 6.2.6. Let us also note that Proposition 16.2.41 is a 'seed' result (under Hypothesis 16.2.21 ): if we 
moreover assume functoriality (in a form that requires functorial transfers to be strong transfers- i.e. of 
archimedean L-packets- at infinity), then it implies: 

• Let G be a connected reductive group over a totally imaginary field F, and let tt be a cuspidal 
tempered L-algebraic automorphic representation of G{Af). Then the infinity-type of tt descends to 

^ cm- 

• Let G and n be as above. Let (5 d G be a connected reductive F-group obtained by enlarging the 
center of G to a torus Z (see ^T2l ). Then the central character a>„: Zq{F)\Zg{Xf) — > extends to 
an L-algebraic Hecke character of Z(Af). (Compare Proposition 13.3.1.) 

7. W- ALGEBRAIC REPRESENTATIONS 

The current section generalizes a second aspect of IIWei56l . discussing a higher-rank analogue of the type 
A, but not necessarily Aq, condition, and begins to motivate its arithmetic significance. As always, let GIF 
be a connected reductive group over a number field. We continue with the infinity-type notation of 96.21 

For many interesting questions about algebraicity of automorphic representations, and especially the 
interaction of algebraicity and functoriality, the framework of C and L-algebraic representations does not 
suffice. Motivated initially by Weil's study of type-A Hecke characters, we make the following definition: 

Definition 7.0.7. Let tt be an automorphic representation on a group GjF. We say that n is VK-algebraic if 
for all v|oo, /ij^ and v,,, in fact lie in ^X*{T). 

Example 7.0.8. For GLi, a unitary IV-algebraic representation is precisely a unitary Hecke character of type 
A in the sense of Weil ([Wei56l). Weil's type A chai^acters also include arbitrary twists | • I*" for r € Q, since 
these also yield L-series with algebraic coefficients. The L- and C-algebraic representations are the Hecke 
characters of type Aq. 

Example 7.0.9. Consider a Hilbert modular form / on GL2/F with (classical) weights {^rlr: f^r> where 
the positive integers are not all congruent modulo 2. / then gives rise to an automorphic representation 
(in the unitary normalization, say) that is IV-algebraic but neither L- nor C-algebraic. The previous example 
yields a special case: choose a quadratic CM (totally imaginary) extension LjF, and let tA be a unitary Hecke 
character of L that is type A but not type Aq. Then the automorphic induction Ind£ i/^ yields an example on 
GL2/F. We will elaborate on the case of mixed-parity Hilbert modular forms in ^ 

We are led to ask (compare 96.21 and Conjectures 3.1.5 and 3.1.6 of BBGIOH ): 

Question 1 .0.10. • Let ;r be a W-algebraic automorphic representation on G. Does the G{Afj)- 

module Jif have a model over Q (or Q™')?. Note that we do not seek a model over a fixed number 
field. Alternatively, is tt,. defined over Q for almost all finite places v? By analogy with the termi- 
nology of IBGIOL we might call the latter condition W-arithmetic, and ask whether some condition 
on infinity-types characterizes W-arithmeticity. 

• Similarly, we can ask the CM descent question of 96.21 for W-algebraic representations. Example 
17.0.121 below will be a cautionary tale: if non-induced cuspidal H with infinity-types as in that 
example exist, then there is no evidence that they would satisfy the analogue of Clozel's algebraicity 
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conjecture. If they do not exist, or if they miraculously still satisfy the conclusion of Clozel's 
theorem, then we could confidently extend the CM descent conjectures to the W-algebraic case. 

For tori, the most optimistic conjecture holds: 

Lemma 7.0.11. For arbitrary F-tori, W-algebraic is equivalent to W-arithmetic. 

Proof. After squaring, this follows from the corresponding result for L-algebraic/L-arithmetic (§4 of HBGIOII ). 

□ 

Continuing with Example 17.0.81 let us emphasize that the W-algebraic condition does not capture all 
automorphic representations with algebraic Satake parameters; we nevertheless want to make a case for 
isolating this condition, rather than allowing arbitrary rational parameters fiv,yv £ X*{T)q, which would be 
the naive analogue of type A. First, note that if a unitary n is tempered at infinity with real parameters ju,., Vv £ 
X*{T)-R, then these parameters in fact lie in ^X*{T). In particular, Ramanujan implies that all cuspidal unitary 
7T on GL„/F with real infinity-type are in fact VK-algebraic. It is easy to construct non-cuspidal automorphic 
representations with rational Satake parameters that do not twist to VK-algebraic representations, but the 
point is that all such examples will be degenerate, so VK-algebraicity is the condition of basic importance. A 
more interesting question, concerning the difference between W, L, and C-algebraicity, is the following: 

Example 7.0.12. Let G - GL4/Q (for example; there are obvious analogues for any totally real field). Let 
f /Q be real quadratic, and let n as above be a mixed parity (unitary) Hilbert modular representation. It 
cannot be isomorphic to its Gal(F/Q)-conjugate, so 11 = Ind^(7r) is cuspidal automorphic on GL4/Q, and at 
infinity its Langlands parameter (restricted to C^) looks like 




{zlz)— 
(z/z)^. 

where k\ and ^2 are the classical weights of n at the two infinite places of F. This exhibits the 'parity-mixing' 
within a single infinite place, which implies the following: 

Lemma 7.0.13. For any functorial transfer ^GL4 ^Gh^ arising from an irreducible representation r, not 
equal to any power of the determinant, o/GL4(C), the transfer Liftr(n) cannot be L-algebraic. 

Proof. We have stated the lemma globally, and therefore conjecturally, but of course the analogous archimedean 
statement (which is well-defined since the local transfer of IIoo via r is known to exist) is all we are really 
interested in. The proof is elementary highest-weight theory. □ 

We will see (in ® that mixed-parity Hilbert modular representations are W-arithmetic, using the fact 
that they have L-algebraic functorial transfers; by contrast, if a representation 11 with the infinity-type of 
the above example is W-arithmetic, it may be harder to establish. Of course, in the above example, 11 is 
automorphically induced, so its W-arithmeticity is an immediate consequence of that of n. We are lead to 
ask whether there exist non-automorphically induced examples of such 11, or more generally of cuspidal, 
non-induced 11 on GL„/F that exhibit the 'parity-mixing' within a single infinite place. The trace formula 
does not easily yield them, since such a IT is not the transfer from a classical group of a form that is discrete 
series at infinity (in these cases there is a parity constraint on regular elliptic parameters). 

One further motivation for considering W-algebraic representations comes from studying the fibers of 
functorial lifts, and their algebraicity properties. For instance, given two mixed-parity Hilbert modular forms 
7Ti and 7T2, with the (classical) weight of ni^y and n2^v having the same parity for each v|oo, the tensor product 
H = ;7ri 13 7r2 is L-algebraic. The tt, are not themselves twists of L-algebraic automorphic representations, so 
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n cannot be expressed as a tensor product of L-algebraic representations (this is proven in Corollary I8.2.2I ). 
This is, however, the 'farthest' from L-algebraic that the 7r,'s can be: 

Proposition 7.0.14. Let li be an L-algebraic cuspidal automorphic representation of Ghnn'i^p) far some 

number field F. Assume that H = nMn is in the image of GL„ X GL„' GL,„' /or cuspidal automorphic 
representations n and n' of Ghn{Af) and GL„'(Af)J^1 If F is totally real or CM, then there are quasi- 
tempered W -algebraic automorphic representations n ofGL„{Af) and n' ofGh„'{Af) such that U = n^n'. 

Proof. The first part of the argument is similar to, and will make use of, Lemme 4.9 of ||Clo90L which shows 
that IIoo itself is quasi-tempered. First assume F is totally imaginary. Let wn (the 'motivic weight') be the 
integer such that n| • \'~*^n/2 unitary, and write z'^'z^' and z^' z''' for the L-parameters at v|oo of n and n' . 
Temperedness of IT implies that for all /, 7 = 1, - ■ . , n, 

Re(jUv,! + + Vv,i + v[,j) = Wn- 

Fixing j and varying /, we find that Re,(jUvj-hVvj) is independent of /- call it w„^,. Similarly, for w„'^, = wu-w„^,, 
we have Re(ju', . -1- y', .) = W;^; for all /. For each of n and n' there is a unique real number r, r' such that each 
of n\ ■ \~''^^, tt'I • \~'''/^ is unitary. Thus, -'■/2^v,.-r/2 (lij-gyvise for n[,) is a generic (by cuspidality) unitary 
parameter!^ This implies (see the proof of Lemme 4.9 of ||Clo901 ) that these parameters are sums of the 
parameters of unitary characters and 2x2 complementary series blocks (what Clozel denotes J(x, 1) and 
7(Y, o:, 1), where a e (0, 1/2) is the complementary series parameter). Since ReQuvj -1- v^.j) is independent of 
/, we can immediately rule out any complementary series factors, and we deduce that each 2/^. -»72^Vi,-r/2 
a direct sum of (parameters of) unitary characters, and that Wj^^, = ris independent of v (and W;^;, = r'), and 

r'-r r-r' 

r + r' = Wn £ Z. We may replace tt by 7r| • | 2 and n' hy n'\-\ 2 , so that still n Mn' = H but now each 
has half-integral 'motivic weight' (namely, ^wn £ 5Z). In particular, Re(jUv), Re(yv), Re(//(,), and Re(y(,) all 
now consist of half-integers (it is easily seen that all of these half-integers are moreover congruent modulo 
Z). Now, Im(jUv,,- -I- p[, j) = for all /, j, so there exists a € R such that 

ImQuyj) = lm{v,,j) ^ -Im(ju', ;) ^ -Im(y^ ,.) ^ t^ 

for all /. To conclude the proof, note that if there exists a Hecke character of F with infinity-componenets \z\'^ 
for all v|oo, then we can twist n and n' to arrange that both be W-algebraic (in fact, either both L-algebraic 
or both C-algebraic). Looking at central characters, we are handed a Hecke character with infinity-type 

2 1-^ ^det(Re{iJ,))+int,-det{Re{ii,))+int, 

and by Corollary 15. 1.81 the desired Hecke character exists if and only if the set of half-integers det(Re(yUv)) := 
J]( Re(jUy_,) is the infinity-type of a type A Hecke character of F, i.e. descends to F^n,. Of course, when F 
itself is CM, this is no obstruction, and the proof is complete. 

Now assume F is totally real. By a global base-change argument (as in Clozel's Lemme 4.9), we may 
deduce temperedness of n and n' from the totally imaginary (or even CM) case, and to determine whether 
there are VK-algebraic descents n and n', as usual it suffices to look at the archimedean L-parameters re- 
stricted to Wj . The purity constraint (see Corollary 15.1.81 ) on the half-integers det(Re(jUv)) forces these to 
be independent of v, and we can argue as in the CM case to finish the proof. □ 

In the non-CM case, we can describe the infinity-types of possible Hecke characters; this gives rise to an 
explicit relation between the det(Re(jUi.)) and f,, that needs to be satisfied if n and n' are to have W-algebraic 
twists. 

Conversely, note that the tensor product transfer (only known to exist locally, of course) GL„ x GL,,, 
GL„„, clearly preserves L- or W-algebraicity (but not C-algebraicity). 



To be precise, we want 11 to be a weak lift that is also a strong lift at archimedean places. 

'On GL„, L-packets are singletons, and we can identify which parameters correspond to generic representations. 
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In ^121 we take up in detail the (algebraicity of the) fibers of the functorial transfer — > ^G, where 
G (zG with torus quotient. 

8. Further examples: the Hilbert modular case and GL2 x GL2 GL4 

In this section we will elaborate on the example of mixed-parity Hilbert modular forms: we discuss W- 
arithmeticity in this context and make some initial forays on the Galois side. First, however, we recall known 

results on the automorphic tensor product GL2 x GL2 — > GL4 and provide a description of its fibers. 

Ramakrishnan (|RamOO|) has proven the existence of the automorphic tensor product transfer in the case 

El 

GL2 X GL2 GL4. Moreover, he establishes a cuspidality criterion: 

Theorem 8.0.15 (Ramakrishnan, BRamOOH Theorem M). Let tti and 712 be cuspidal automorphic represen- 
tations on GL2/F. Then tti lEI n2 is automorphic. The cuspidality criterion divides into two cases: 

• If neither ni is an automorphic induction, n\ ISI is cuspidal if and only ifni is not equivalent to 
Til ®xfor some Hecke character x of F. 

• Ifn\ = Ind£(^) /or a Hecke character (Jj of a quadratic extension L/F, then tti M7T2 is cuspidal if and 
only if^Ci{n2) is not isomorphic to its own twist by if/^tf/'^, where 9 is the non-trivial automorphism 
ofL/F. 

Here is the Galois-theoretic heuristic for the first part of the cuspidality criterion. Assume Vi and V2 
are two-dimensional, irreducible, non-dihedral representations. Non-dihedral implies that each Sym^ Vi is 
irreducible. Suppose that Vi ® V2 = Wi ® W2. Taking exterior squares, we get 

(Sym^ Vi ® det V2) © (det Vi ® Sym^ V2) = A^Wi ® {Wi » W2) ® A^W2. 

We may therefore assume dim Wi -3, dim W2 = I (so rename W2 as a character tfr), and thus 

^i®V2(iA^') = Wi(iA"')®l, 

which implies that Vi and V2 are twist-equivalent. 

8.1. We now describe the fibers of this tensor product lift, beginning with a Galois heuristic. Suppose we 
have four irreducible 2-dimensional representations (over Q^, say) satisfying 

Vi ® ^2 = W^i ® W2. 

Taking exterior squares as above, we get 

(Sym^ Vi » det V2) © (det Vi ® Sym^ V2) = (Sym^ Wi » det W2) © (det Wi » Sym^ W2) 
Assume Vi is non-dihedral, so Sym^ Vi is irreducible. Then we may assume 

Sym^ Vi ® det V2 = Sym^ Wi ® det W2 

and 

det Vi ® Sym^ V2 = det Wi ® Sym^ W2. 
Comparing determinants in this and the initial isomorphism, we find det V\ det V2 = det Wi det W2, and so 
(for / =1,2) 

Ad\Vi) - Ad\Wi). 

Vj and Wi therefore give rise to isomorphic two-dimensional projective representations, and so, by the (not 
very) long exact sequence in continuous cohomology associated to 

1 ^ ^ GL2(Q,) ^ PGL2(Q,) ^ 1,0 

Vj and Wj are twist-equivalent: we find a pair of characters i/^, such that Vi = Wi{ifri) and V2 = W2iip2)- If 
V2 is also non-induced, then i/'2 = ^A7^ else Vi ® V2, and hence one of Vi or V2, is an induction. 



Note that the surjection admits a topological section. 
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8.2. Because the functorial transfers GL2 ^-^ GL3 ( HGTM ) and GL4 GLg ( IIKim03ll ) are known, this 
argument works automorphically until the last step. To conclude a purely automorphic argument, we have 
to know the fibers of Ad°. These were determined by Ramakrishnan as a consequence of his construction 
of the tensor product lift (and his cuspidality criterion): 

Theorem 8.2.1 (Ramakrishnan, MRamOOII Theorem 4.1.2). Let n and n' be unitary cuspidal automorphic 
representations on Gh2/F such that Ad*';r = Ad'^Tr'. Then there exists a Hecke character x of F such that 
n = n' ®x- 

It would be remiss not to mention the special nature of this fiber description: by IILL79L it is essentially 
multiplicity one for SL2. In any case, from this and the preceding calculation, we conclude: 

Corollary 8.2.2. Let Tii,n2,7i\,n'r^ be unitary cuspidal automorphic representations on GL2/F satisfying 
TT 1 IS 7r2 = la (it suffices to assume this almost everywhere locally). Assume that ni lEi n2 is cuspidal 
(equivalently, satisfies Ramakrishnan' s criterion). Up to reordering, we have Ad" tt, = AdP n'^for i = 1,2, 
and there are Hecke characters Xi of F such that ni = n'-®Xi (i = 1'2). Moreover, x\ - X^' ^o the fibers of 
the lift are just twists by Hecke characters. 

Proof. If at least one, say tti, of the tt,- is non-dihedral, then it only remains to check = x^ ■ Since 
n\mTi2 = (n\ la ni) ® (xiXi), we deduce from a theorem of Lapid-Rogawski- which we elaborate on in 
Lemma [8.2.31 below- that either 2 - 1, or tti is 7:2 is an automorphic induction from the (quadratic or 
quartic) cyclic extension of F cut out hy xiXi- In the latter case, there is a cyclic base change L/F such that 
BCz,(;ri lEi 712) - BCL(7ri) Ki BCL(7r2) is non-cuspidal. If both tti and n2 are non-dihedral, or if 7T2 = Ind^((/^2) 
with K a quadratic extension of F not contained in L, then the cuspidality criterion implies there exists a 
Hecke character ip of L such that BCL(7ri) ® ip = ^Ci{n2). Since n\ is non-dihedral, tp is invariant under 
Gal(L/F); for cyclic extensions, there is no obstruction to descending invariant Hecke characters, so ifj 
descends to a character of F that we also write as ip, i.e. BCi(7ri ® tp) = BCi(7r2). By cyclic descent (also 
Theorem B of [iLR98i ). tti and 712 are twist-equivalent, contradicting cuspidality of tti iei 712. We conclude 
that ^1^2 = 1- 

We resume the above argument when 7T2 is dihedral with K <z L. \f L = K, then xiXi is the quadratic 
character of Gal(A'/F), so 1:2 - t:',^® (x~\^X)^ ^^d thus 7:2 = tt'^ 'S>x~[^ since 7:2 ®x - ^2- If L/F is quartic, 
then the result of Lapid-Rogawski still implies 7:\ ^ 7:2 - Ind£(i/'), where ip is now a Hecke character of 
L. Base-changing to L and comparing isobaric constituents, we again contradict the assumption that ti\ is 
non-dihedral. 

Finally, we treat the case where both tti and 712 are dihedral. Base-change implies that both tTj and tt^ are 
dihedral as well, and moreover that we may assume that tt, and tt^ are both induced from the same field L,, 
say by characters ipi and ip'^. Write cr, for the non-trivial element of Gal(L,/F). Then 

Ind[, (.Ai ® BCL,(Indf^(^2))) = Ind[, (ip\ ® BCL,(Ind£^(^^))) , 
and up to replacing ipi by i/'^' , we may assume that on GL2/L1 we have 

® BCL,(Ind[^(^2)) = BCL,(Ind[^(«A2)). 

If Li L2, then we find 

i<L.(^ • ^2) = K;,,(^2)' 

and possibly replacing ip2 by its conjugate \p'^^, we may assume that as Hecke characters of L1L2, ipi/ip[ = 
tp2/ip2- Let a be the Hecke character of Li given by ipi/ipy This equality shows a is cri -invariant, and 
therefore descends to a Hecke character of F. Consequently, ki = 71'^ ® a, and 7:2 - 7i'2®a~^ as automorphic 
representations on GL2/F. The case L\ - L2 is similar, but easier, and we omit the details. □ 
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The above corollary made use of a characterization of the image of cyclic automorphic induction (in the 
quadratic and quartic case). This characterization in the case of non-prime-degree does not follow from the 
results of LAC89.I . but it is now known thanks to work of Lapid-Rogawski. The following is stated without 
proof in IILR98i . as an easy application of their Statement Bo We fill in the details: 

Proposition 8.2.3. [Lapid-Rogawski] Let H be a cuspidal automorphic representation on GL„/F, and let 
LI F be a cyclic extension. Then H is automorphic ally induced from L if (and only //) H = H ® cofor a Hecke 
character oJofF that cuts out the extension L/F. 

Proof. Lapid-Rogawski establish the following, which impUes the Proposition^ 

Theorem 8.2.4 (Statement B, part (a) of IILR98I1 ). Let E/F be a cyclic extension of number fields, with cr 
a generator of Gal{E / F), and let oj be a Hecke character of E. Denote by cof its restriction to c A^. 
Suppose n is a cuspidal automorphic representation on GL„/E satisfying n°" = IT ® w. Let K/F be the 
extension (necessarily of order dividing n) of F cut out by ojf, and let L - KE. Then E (1 K - F, and 
[K : F] divides n. 

Suppose OJ cuts out L/F, cyclic of order m, and suppose m is divisible by a prime £ (and m + €). We see 
that n = n (gi w'"''' as well, and letting EjF be the (cyclic degree €) extension cut out by w'"''', the case of 
prime degree implies that IT = \sviF^(n) for some cuspidal representation n on GLn/E. Moreover, 

lnd^(n) = lnd^(n ® (a> o Ne/f)), 

so the description of the fibers in the prime case implies n and tt (g) (oj o Ne/f) are Galois-conjugate: writing 
T for a generator of GalL/F (or for its restriction to E), there exists an integer / such that 

= t: ^ (o) o Ne/f)- 

Part (a) of Theorem 18.2.41 implies that the restriction of w o Ne/f to A^/F^, which is just co^, cuts out 
an extension K/F that is linearly disjoint from e/fE so in particular (o) o Ne/f) is a non-trivial Hecke 
character of E. But now, since is trivial on E, we can iterate the previous conjugation relation to deduce 

n = n®{(jjoNE/Ff- 

It now follows from induction on the degree [L : F] that n = Indf (ttq) for some cuspidal ttq on GL_n_ /L, so 
we're done. 

□ 

Now we take up the case of Hilbert modular forms, starting with an observation of Blasius-Rogawski 
( IIBR93 1): while a 'mixed parity' Hilbert modular representation n does not itself twist to an L-algebraic 
representation, its base changes to every CM field will0 Since we work up to twist, we may assume the 
parameters of tt at places v|oo have the form (restricted to F^, c Wp, and implicitly invoking i as above) 

(z/z)^ 
[ (z/z)— 

For a quadratic CM extension L/F, let >//: A^/L^ ^ be a Hecke character whose infinity type at v is 
given by 

z ^ iz/\z\)''-' 



''■"Xhe proof of which was conditional on versions of the fundamental lemma that are now known. 



^^Which is in turn used to prove the more refined parts (h) and (c) of Statement B of |LR981 
^^The point is that IT is cuspidal. For instanci 
£ divides ji, so and then n = n®{LL)o NE/f) 

e only time I ha 
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^^The point is that IT is cuspidal. For instance, in the simple case -f m, there's no need to appeal to the Lapid-Rogawski result: 
d 

■^^This observation of Blasius-Rogawski is the only time I have seen substantive use made of type A but not Ao Hecke characters. 



for all V. Then BCiin) (g) (A is L-algebraic, with infinity type 



1 

Given two such tti and n2, both W- but not L-algebraic, and with fl = ;ri L-algebraic, Blasius-Rogawski 
(see Theorem 2.6.2 and Corollary 2.6.3 of [BR93J) can then associate an ^-adic Galois representation pn/ 
to n via the identity 

BCdU) = (BCL(7ri)(.Ai)) ^ (BCL(7r2)(^2)) ® ('Ai'A2)"\ 
since all three tensor factors on the right-hand side are L-algebraic with associated Galois representations. 
(To get a Galois representation for fl over F itself, they vary L and use the now-famous patching argument.) 
We pursue this a little farther, emphasizing the 'W-algebraic' and non-de Rham/geometric aspects of this 
construction. 

Proposition 8.2.5. Let IT be the tensor product n\ ^ for tt, as above corresponding to mixed parity 
Hilbert modular forms (but n\ and n2 having common weight-parity at each infinite place). Assume that IT 
is cuspidal, and for simplicity assume that the tt,- are non-dihedral. 

(i) The €-adic Galois representation pu/ is Lie irreducible. 

(ii) pn/ is isomorphic to a tensor product pi / (8 p2/ of two-dimensional continuous, almost everywhere 
unramified, representations ofYp. No twist of either pi/ is de Rham (or even Hodge-Tate), and 
puj is not a tensor product of geometric Galois representations (although it is after every CM base 
change, by construction)^ 

(iii) Ad^ipi^f) is geometric, corresponding to the L-algebraic Ad" (tt,) (suitably ordering the represen- 
tations). In particular, a mixed-parity Hilbert modular representation n gives rise to a geometric 
projective Galois representations p^i/ : Tp PGL2(Qf ); these are the representations predicted by 
Conjecture 3.2.2 of BBGIOII for irreducible SL2{A f)-constituents o/7r|sL2(A,r)- 

(iv) With the tt,- normalized to be W -algebraic, they are also W -arithmetic ( see Question 17.0. i OP . 

Proof. To show pn/ is a tensor product, observe that it is essentially self-dual, since 

Ii" =n\^nl = {ni ® u)']) ^ (n2 ® oj~]) = H ® {pj^^ui^^Y^ . 

On the Galois side, we deduce that p^^ = Pn,f ® y"n'' where pw is the (geometric) Galois character cor- 
responding to the (L-algebraic) Hecke character a>;ri^^ff2- Since after one of these quadratic base changes 
Pn/lr^ is irreducible and orthogonal (rather than symplectic), we see that it (as F/r-representation) is 
orthogonal, i.e. 

Pn/: ^G04(Q^). 

Writing p for the multiplier character on GO4, and observing that det^ = p^ on this group, we find an exact 
sequence of algebraic groups 

Kl det ■ut''- 

1 ^ G„, ^ GL2 X GL2 ^ GO4 — {±1} ^ 1. 

The image of pn/ is contained in the kernel GSO4 of AeX-p~^: for this it suffices to know that pn/ is 
isomorphic to a tensor product after two disjoint quadratic base changes, for then (det -pT^) o p^/ is a 
character ofTp that is trivial on a set of primes of density strictly greater than 1/2, and therefore it is trivial. 
We can then apply Proposition 14.0. 181 to deduce that pn/ lifts across GL2(Qf) x GL2(Qf) GS04(Qf), 
i.e. it is isomorphic to a tensor product pi/ ® p2/. The same exact sequence implies that any expression of 

Pn/ as a tensor product has the form (pi ^ ®x) ® iP2,e for some continuous character^: ^ Q^. 

Lie-irreducibility also follows since the Zariski closure of the image of each p, f contains SL2 (otherwise 
Pn/, and hence H, is automorphically induced), and thus the Zariski closure of the image of pn/ contains 
SO4, which acts Lie-irreducibly in its standard 4-dimensional representation. 



Compare Proposition l 14.2.71 
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Now we show all twists p,/ ® are almost everywhere unramified, but none are geometric (they fail to 
be de Rham). This follows from the Galois-theoretic arguments of the next section, but here we give a more 
automorphic argument. Note that both the de Rham and almost everywhere unramified conditions can be 
checked after a finite extension. By construction, for any L = FK for A'/Q imaginary quadratic, there exist 
(L-algebraic) cuspidal automorphic representations r, (/ - 1,2) on GL2/L with associated geometric Galois 
representations o",- : GL2(Qf) such that 

P\,c\tl ®P2Atl - Pn/lfi = 0-1® 0-2. 

This implies there is a Galois character x'-^l ^ Qe such that 

0"2Cf~^) =P2,(\rL' 

and every abelian ^-adic representation is unramified almost everywhere (easy), so each p,/ is almost every- 
where unramified. We then have the equivalences 

Pi/ is geometric PiAtl is geometric <;=^ x is geometricj3 
But ifx is geometric, then (Serre) there exists a type Aq Hecke character of L such that 

Ti ^XA < > PU 

T2 ®Xa * ^ P2/, 

where 'tt < — > p' indicates an equality of (incomplete) L-functions. Gal(L/F)-invariance and cyclic base 
change then imply there are cuspidal automorphic representations f, on GL2/F lifting ti ^xa and T2 ®X\^y 
and therefore BCL(ti 1^ f2) = BCz,(n). This implies f 1 1^ f2 and 11 are twist-equivalent, and Corollary 18.2.21 
ensures that (up to relabeling) Jij and f,- are twist-equivalent. But f, is L-algebraic since t,- and;t'A are, yet it 
is easy to see (because n is mixed-parity and F is totally real) that no twist of tt,- can be L-algebraic. 

That, suitably ordered, Ad*'(p,/) is a geometric Galois representation whose local factors match those of 
the L-algebraic cuspidal representation Ad*'(7r;) follows easily from the earlier argument (see 38. II) and 
the fact that our forms (representations) are all non-dihedral. 

Part (iv): Normalize ;r,- to be VK-algebraic. Then ni ^ tt,- - Sym^(;r,) a aj„. is L-algebraic, and by IIBR93II 
it has Satake parameters in Q at unramified primes. Writing {a,;v>A,v} for the parameters of n^, (when 
unramified), we conclude that a^^,,pj^ e Q, hence ai^v,Pi,v £ Q- This implies nj^y has a model over Q for 
all such vj3 answering the weaker version of Question 17.0.101 In this case the stronger version (that tt, j is 
defined over Q) follows as well, by a check (omitted) at the ramified primes. □ 

Now we prove a more refined result in the case jt\ =712- 

Proposition 8.2.6. Let n be a unitary, cuspidal, non-induced, mixed-parity Hilbert modular representation, 
so that Ii = nmn has an associated Galois representation, the sum of Galois representations associated to 
the L-algebraic representations Sym^(7r) and to^. As before, there are {-adic representations such that 

Pn,{ = P\,c®P2,t- 

• We can normalize the pij so that Pi/ifr^) has characteristic polynomial in Q[X]for all unramified 
V. Moreover, its eigenvalues in fact lie in Q"", and are pure of some weight, which we may take to 
be zero. 

• For quadratic CM extensions L - KF with K/Q a quadratic imaginary field in which £ is inert, 
there is a pt'.Yp ^ GL2(Qf)/or which Sym^(pf) « — > Sym^(7r). Later on ( Corollarv \9.2.6\l . we will 
see this is not possible over a totally real field. 



'Moreover, p,/ is Hodge-Tate <;=^ p,/|rj^ is Hodge-Tate <;=^ is Hodge-Tate <;=^ is geometric! 
'Note that the fields of definition of n,, and its Satake parameters may be difi"erent; but if one is algebraic, then both are. 
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• Nevertheless, we can choose pe and a finite-order character x such that Sym^(pf) : Tp — > G03(Q^) 
is, viewing GO-i{Q_() as the dual group (G,„ x SL2)^(Qf), associated to an automorphic represen- 
tation {(jjjtX^^o) of {G,„ X SL2)(A/r), as in 3.2.2 of MBGIOI . with ttq any irreducible constituent of 

^lsL2(Af)- 

Proof. If we take tti = tti = ;r in the unitary normalization (this will ensure n M n has 'motivic weight 
zero,' with an implicit- and provable- application of Ramanujan at infinity) and decompose the Galois 
representation pn/ associated to IT = ;r la tt as pi ® p2, then the now-familiar argument shows that 
Ad°(pi) = Ad°(p2). We can therefore write pn/ = p ® (p ® ;\^) for some Galois character x- This x need 
not be a square, but we can normalize p so that;^' is finite order (by Lemma IB ■2.2I ). Now, the Ramanujan 
conjecture is known for r0, and of course for so p (8 p is pure of weight zero (at unramified primes, 
say). Let and yS,, be frobenius eigenvalues of pifr^.) at an unramified prime v, so that al and pi (being 
eigenvalues of Sym^(p)) have absolute value one under any embedding C. The same then holds for 

ay and /3v, so p itself is pure of weight zero. Therefore the frobenius eigenvalues of p lie in Q"". 

We conclude by showing that, after certain CM base-changes, we can take the finite-order character x to 
be trivial. Restricting to L = KF as above, we can find a type A Hecke character if/ of L such that ;r (g) tA 
is L-algebraic, and then letting {i^^)c be the geometric ^-adic representation associated to ij/^, we claim that, 
possibly replacing iphy ip^^ , there exists a Galois character AofL such that 

Over L, n • ip'^ has associated Galois representation r, and then r • corresponds io n ■ ip. Then there 

exists a A such that either r - p - A and r • (i/'^)^ - p(xA'~^), or r = p • iX'^'^) and r • {ip^)t = p - A. Either way, 
plugging one equation into the other we get the claim. 

p is not an induction, so xlrt = ^^(tA^)^^- In particular, xIfl a square if and only if {ip^)£ admits a 
Galois-theoretic square-root. This was discussed in Lemma [5.2.51 above: it need not always be the case 
(for instance, if { is split in L/Q), but it is if { is inert in K. Choosing such an L = KF, we can now find 

: Tz. ^ such that 

Pn.flPi. = (pirz, ^Xtf^- 

Here XL = for ip a square-root of {iip^)e, and we're done. 

For the final point, note that the inclusion Gm x SO3 GO3 is an isomorphism, with inverse map g 1-^ 
(T^(g)» —{g)~^g)- In particular, Sym^: GL2 GO3 becomes g ^ (det(g), Ad°(g) in these coordinates. 
The SL2(Af )-constituents of n have Langlands parameters corresponding to the projectivization of those of 
n, and since Ad" : GL2 SO3 = PGL2 is just the quotient map GL2 -» PGL2, the claim follows. □ 

Remark 8.2.7. In particular, the Proposition tells us that there are pure ^-adic Galois representations no twist 
of which are geometric. They do not, however, live in compatible systems. 

These propositions would have no content if the only examples of mixed parity Hilbert modular forms 
were the inductions described in Example |7.0.9[ we end this section by showing 

Lemma 8.2.8. Over any totally real field, non-CM mixed parity Hilbert modular forms exist. 

Proof. Considering the (semi-simple, connected) Q-group G - ResF/Q(SL2/f ), we can apply Theorem IB 
from §4 of Clozel's paper IIClo86i . We fix a discrete series representation Jioo of G(R) = Or: f^r SL2(R) 
corresponding to the desired mixed-parity infinity-type. Then fix an auxiliary supercuspidal level Kp^ c 
G(Qpo) for some prime p^. At some other finite prime p, let Hp be a fixed (twist of) Steinberg representation. 
Finally, let 5 be a set of finite primes (disjoint from pQ, p) at which we will let the level go to infinity in 



Of course, IT is not cuspidal, so literally this is for Sym (:/r) and 
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the manner of Clozel's paper (written ^ 1). Letting K be any fixed compact open subgroup away from 
S, p, po, oo, Clozel proves tfiat 

lim mf [vol{Ks ) • mult {koo ® ^p, L2„^^(G(Q)/G(Af ))^''oX^^x^)] > 0. 

(He also determines an explicit but non-optimal constant.) This suffices for the Lemma: it implies the exis- 
tence of (infinitely many) cuspidal automorphic representations on G that are Steinberg at p, and therefore 
not automorphically induced, and have the desired mixed parity at infinity. □ 

Remark 8.2.9. In fShT], Shin derives, as a corollary of very general existence results for automorphic repre- 
sentations, an exact limit multiplicity formula for cohomological Hilbert modular forms. Unfortunately, this 
excludes precisely the mixed-parity forms we are interested in. It seems, however, that his methods should 
extend to cover all discrete series infinity types. 

8.3. A couple of questions. In Proposition I8.2.5[ the key point was an understanding of which type A 
Hecke characters- or their Galois analogues- could exist. I would like to raise here a couple questions in 
higher rank about the existence of automorphic forms with certain infinity-types. 

Question 8.3.1. Are there automorphic representations n on GL2/F (F totally real) such that at two infinite 
places vi and V2, 

• TT,,, is discrete series and tt,,, is limit of discrete series (excluding the easily-constructed dihedral 
cases, as in Example 17.0.91 )? Clozel's result does not apply to this case; 

• ;rv, is discrete series (or limit of discrete series), and tt,,, is principal series (looks like a Maass form)? 

• as in the previous item, but with algebraic infinity-type (so a 'Plancherel density' -type result will 
not suffice)? 

9. Galois lifting: Hilbert modular case 

9.1. Outline. We continue to elaborate on the examples of the previous section, now turning to some pre- 
liminary cases of a problem raised by Conrad in BConlli Recall from the introduction that he addresses 
lifting problems 

P / 

where //'-»// is a surjection of linear algebraic groups with central kernel, and the key remaining question 
is: 

Question 9.1.1. Suppose that the kernel of H -» H is a. torus. If p is geometric, when does there exist a 
geometric lift p? 

Here is an outline of the coming sections: 

• First we address, in the regular case, with F totally real|3 Conrad's question for lifting across 
GL2(Q^) — > PGL2(Q^), finding that all examples of p not having geometric lifts are accounted for 
by mixed-parity Hilbert modular forms (a converse to Propositions 18.2. 5l and l8. 2. 61 ). 

• To give a higher-rank example in which potential automorphy theorems still allow us to link the au- 
tomorphic and Galois sides, we then carry out in ^TTI an analogous discussion for GSpin2„^i(Qf) 
S02m+i(Q;) ( ^TOl introduces the necessary background about Sen operators and 'labeled Hodge- 
Tate-Sen weights' in ^-adic Hodge theory; in the current section, we deal with this in a more ad hoc 
manner). 



'Modulo the diiference between potential automorphy and automorphy! 
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• Before proceeding to develop the general framework C ^T3] ). we take a detour ( ^121 ) to discuss the 
automorphic analogue. This is in some sense more intuitive, and it motivates the Galois-theoretic 
solution. Note that in general we have neither constructions of automorphic Galois representations 
nor (potential) automorphy theorems, so we cannot unconditionally bridge the automorphic-Galois 
chasm. Proving a 'modular lifting theorem' in this context is an important remaining question (see 
Question imiOH. 

9.2. GL2(Qf) PGL2(Qf). In this subsection we prove: 

Theorem 9.2.1. Let F be totally real. Suppose p: Tf ^ PGL2(Q^) is a geometric representation with no 
geometric lift to GL2(Q^). Then 

• There exists a lift p: Yp — > GL2(Q;) such that for all CM L/F, p|r^ is the twist of a geometric Galois 
representation (in particular, plr^ has a geometric lift, which ought to be automorphic). 

Now assume moreover that Ad(p): Yp — > 80,3(0/) c GL3(Q^) satisfies the hypotheses of (the potential 
automorphy theorem) Corollary 4.5.2 of BBLGGTrl Then: 

• After a totally real base-change F' IF, Ad(p) is automorphic, and more precisely 

• we may normalize p such that Sym^(p)|r^, is a geometric Galois representation corresponding to 
Sym (n) ®xfor some mixed parity Hilbert modular representation n on GL2/F and *non-trivial* 
finite order character x- Furthermore, p is totally odd. 

Remark 9.2.2. If Ad"(p) is not regular, there are two possibilities: either it fails to be regular everywhere, in 
which case Fontaine-Mazur conjecture that p (up to twist) has finite image. Such p always have finite-image 
(hence geometric) lifts by Tate's theorem (Proposition 14.0.181 ). If p is totally odd, and Ad°(p) exhibits a 
mixture of regular and irregular behavior, it should be related to the existence of a mixed-parity Hilbert 
modular form that is limit of discrete series at some infinite places, and genuine discrete series at others. 
I know of no such examples not arising from Hecke characters. The question of whether there exist non- 
dihedral p that are even at some and odd at other infinite places is related to Ouestion l8.3.1l 

Lemma 9.2.3. For any number field F and any geometric p: F/r — > PGL2(Q^), there is a lift p: Yp 
GL2(Q^) ofp whose Hodge-Tate-Sen (HTS) weights at all v\£ belong to jL. In this case, Sym^(p) and det(p) 
are geometric. 

Proof. Proposition 14.0.181 ensures that we can find some lift p. By assumption, Ad*'(p) is geometric, so 

p (g) p (g) det(p)~^ = Ad*'(p) ® 1 

is geometric. We ask whether det(p) is a square. There at least exists a Galois character i/^: Ff ^ such 
that det(p) - ijp'x with;^f finite order (Lemma r5.2.2l) . Thus 

is also geometric, and in particular Hodge-Tate. Replacing p with the new lift p® \fj~^ we conclude that 
Sym^(p) and detp are Hodge-Tate. The theorem of Wintenberger and Conrad (Theorem 14. 0.201 ) then proves 
they must be de Rham, since the original projective p was. Any lift p is almost everywhere unramified by 
Lemma 5.3 of llConllil . so the proof is complete. □ 

We now proceed in the same spirit as in the construction of W-algebraic forms via type A Hecke charac- 
ters. The following lemma is an ad hoc version of Theorem 1 13. 0.1 11 it may help in navigating that rather 
formal proof: 

Lemma 9.2.4. Consider p: Yp ^ GL2(Q/) as produced by Lemma [9.2. 3\ Let L/Q be a quadratic CM 
extension. Then for all such L, the restriction ofp to Y^ is the twist of a geometric Galois representation. 

^^Essentially: there is a lift p of p such that (p mod '')lrf(j-,) is irreducible and p is regular (if true for one lift, this is true for all), 
and i is sufficiently large. 

35 



Proof. Recall that our fixed embeddings Q C and Q yield a map 

C/ : U HomQ,(F„ Q^) ^ HomQ(f , C). 

v\t 

Sym^(p) is de Rham, so for each place v\€ of F and each r: F,, Q^, it has r-labeled Hodge-Tate weight^ 

HT,(Sym2(p|r,j) = {A„ 

where the and Bj are integers, necessarily having the same parity. We can distinguish the subset 

{A„B,}cHT,(Sym2(p|r^ )) 

(trivially in the non-regular case, easily otherwise). It follows that plr^^^, is Hodge-Tate (hence de Rham) if 
and only if all A^ and are even. Consider the map ^ for L as well as F; the two versions are compatible, 

so conjugate archimedean embeddings L C pull back to embeddings L ^ that lie above a 
common r: F G F^. "-^ Qf. To each t we then unambiguously associate the parity er e {0, 1) of A^ (and Br), 
and at the unique archimedean place Voo,t of L above i*^ ^(t) we define a character 

: ^ ^ Cx 
Z 1-^ i(z) 2 t(z) 2 , 

where k-r is any integer with parity er- 

L is a CM field, so Weil ( | Wei56J ) tells us that there exists a type A Hecke character if/ of L with com- 
ponents at archimedean places given by these ifrv^r- We wish to twist plr^ by a Galois realization of if/, 
shifting all of its HTS weights to be integers (recall this can be checked by looking at Sym^(p|r^)), but care 
is needed: there is no Galois representation canonically associated to a type A (not Aq) Hecke character. 
Instead, we associate (canonically, having specified and L() an ^-adic representation {if/^)e to the type Aq 
Hecke character ip^, and then we non-canonically extract, up to a finite-order character, a (Galois-theoretic, 
non-geometric) square root ij/. Then plr^ign^ is Hodge-Tate, since the analogues of the A^ and B^, but now for 
Sym^(plr^®i/i') = Sym^(p|r^)(8i(i/^2)^^ are all even. Thus p|r^®i^ is geometric (again by Theorem l4.0.20l ). □ 

This completes the proof of the first part of Theorem 19. 2. II We need deeper tools to make further progress. 
Let p be the lift as above, with both Sym^(p) and det(p) geometric. Sym^(p) factors through G03(Q^) with 
totally even multiplier character det(p)^. We now take £ > 1 and make two further assumptions on p (or p) 
in order to apply a potential automorphy theorem: 

(1) Assume Sym^(p) is 'potentially diagonalizable' and regular at all v\f. For instance, we require that 
for each v\£ it be crystalline with r-labeled Hodge-Tate weights distinct and falling in the Fontaine- 
Laffaille range for all t: F,, Q^. 

(2) Assume that the reduction mod £ of Sym^(p)|r^^^^, is irreducible. (We have taken £ 2, so this is 
equivalent to the analogous assumption for p.) 

Then we can can apply Theorem C of BBLGGTl to deduce that after base-change to some totally real field 
F', Sym^(p)|rf^, is automorphic, corresponding to a RAESDC automorphic representation IT on GL3/F'. Let 
us abusively denote by det(p) the Hecke character (of type Aq) corresponding to det(p). Then IT det(p)~^ 
is self-dual with trivial central character, and (by, for instance, HArtl - details, in greater generality, appear 
in Lemma [1 1.0.71 - although in this case the result is older) there exists a cuspidal n on GL2/F' such that 
Ad°(;r) = IT (g) det(p)~^ We may assume that co^ has finite order (applying Lemma [5. 1.51 and Proposition 
112.2.21 since F' is totally real), because the descent is originally to SL2/F', and we then have control over 
the choice of extension to GL2/F'0 

^''Sy duality, or by the Hodge-Tate-Sen theory. 

^^We only sketch this here, because these matters will be discussed in greater detail and generality in 9121 
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Lemma 9.2.5. Such a n on GL2/F' satisfying Ad'^(7r) = IT (8) det(p) ' is necessarily a mixed parity Hilbert 
modular representation. 

Proof. It is clear from the archimedean L-parameters that n is VK-algebraic. If it were L-algebraic, there 
would be a corresponding Galois representation p with Ad°(p;r) = AA^{p), and thus pj^ and p|r^, would be 
twist-equivalent. Lemma [5.2.4l then implies p has all integral or all half-integral Hodge-Tate weights, which 
contradicts the assumption that p has no geometric lift (note that both F' and F are totally real). Similarly, 
if n were C-algebraic, then there would be a geometric representation corresponding to n\ ■ |^^^, and we can 
use the same argument. We conclude that n must be mixed parity. □ 

Corollary 9.2.6. For any p'.Yp^ PGL2(Qf) as in Coniecture \9.2.1\ and satisfying the auxiliary potential 
automorphy hypotheses (see pase \36\), there exists a lift p'.Tp^ GL2(Q^) and, after a totally real base 
change F' IF, a mixed-parity Hilbert modular representation n on GL2/F', such that 

Sym2(p)|r^, « — > Sym^{n) ®x 

for some finite order Hecke character x of F'. Moreover, any lift p is totally odd, and the character x is 
necessarily non-trivial. In contrast, restricting to L' = F'K where K/Q is a quadratic imaginary extension 
in which t is inert, we can find a lift p such that Sym^(p) corresponds to BCi'/f/(Sym^(7r)). 
Conversely, starting with a mixed-parity n, we can produce such a x o,nd p. 

Proof. In the notation of the previous Lemma, we have 

Sym2(;r) ® - H ^ Sym2(p)|r^,. 

The character det(p)/a»;r is L-algebraic, hence equals ^| • I™ for a finite-order character;^ and an integer m. 
Replacing tt by tt ® | • 1™''^, which is still mixed-parity, we are done except for the last part. 

Assume instead that we can take;^f = 1. In particular, < — > det(p), and thus det(p)(cv) = oj-^^i-V). By 
the description of discrete series representations of GL2(M.) and purity of oj-^, we know that the Langlands 
parameter 0v : GL2(C) takes the form 



Iky-\ 
{zlz)^ 
izlz)— 



\z\7'^ 







Hence aj„^X-^) = det(0v)(7) - (-1)^' ■ Since Ad°(p)|r^, « — > Ad^{n) is regular algebraic self-dual cuspidal. 
Proposition A of [Tay] shows that Ad°(p) is odd, and thus for all v|oo, the eigenvalues of Ad^(p){c^,) are 
{-1, 1, -1). We conclude that det(p)(Cv) = -1 for all v|oo, proving the oddness claim for p, and contradicting, 
when we assume = 1, the fact that the are both odd and even. 

The remaining claims, constructing from k such a p and;^', were established in Proposition 18.2.61 □ 

This concludes the proof of Theorem |9.2.1| 



10. f-ADic Hodge theory preliminaries 

10.1. Labeled Hodge-Tate-Sen weights. In the previous section, we took a rather bare-hands approach to 
the /"-adic Hodge theory, but in general it will be useful to have a more robust language. Let K/Qc be a finite 
extension. Choose an algebraic closure K/K, and let denote the completion of K. Let 

piF^^Aut^m 



^^By IBR93I . 
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be a de Rham representation; for some finite extension EIQ_c inside Q^, V descends to an S-linear repre- 
sentation Ve- Then 'DduiV) is a fikered K (Sq^ Q^-module that is free of rank dim^^ V, and so as in g6.1l we 

can define, for sAX t: K "-^ Qf, the r-labeled weights HTr(y) := HT^(D^/s(y)) by applying the projector 
Ct £ K^QfQf — > Or Q^- The identification of gr*{BdR) with B//r implies that the multiplicity of q in ¥lTr{V) 
also equals dim^ (V i^t;K ^Ki-l))^'^ ■ We use this formulation to extend the definition of r-labeled weights 

to the Hodge-Tate case. Note that if K' /K is any finite extension, and t' : K' "-^ is any embedding 
extending t: K^Q_f , then HTr'(V|r^,) - HTr(V). 

We will also need the more general notion of Hodge-Tate-Sen weights, for which we drop the assumption 
that V is de Rham. For any embedding f: Ck, we have the Sen operator Qp i e Endc^(V ®q^, 

Ck)- More precisely, let K' = l(E)K, so that Ve Ck is a C/f-semilinear representation of Tk', to 
which we can in the usual way associate the Sen operator ©p ^. Note that the Sen operator of a C^- semi- 
linear representation is insensitive to finite restriction, so this construction is independent of the choice of 
(sufficiently large) K'. Moreover, choosing a model Ve' of V with coefficients in some finite extension E' /E 
inside also yields the same 0p „ since we don't change the C/f-semilinear representation of Tk' (this may 
be a bigger K', having enlarged E). This allows the following Tannakian observation about Sen operators 
(§6 of nConlll ). 

Lemma 10.1.1. Let G be a linear algebraic group over with Lie algebra g and p: Tk ^ G{Q() a 
(continuous) representation. Then for each embedding l: '-^ Ck, there exists a unique Sen opera- 
tor 0p , € g Ck such that for all linear representations r : G GLy, Lie(r)(0p i) is equal to the 

previously-defined 0,op,i- 

Proof. This follows from Tannaka duality for Lie algebrasQ Namely, for each Qf-representation G — > GLy 
we get an element Qy.i ^ SV ®i ^k, and these satisfy the functorial properties 

T 

• liVi ^ V2 is a G-morphism, then Lie(r) o 0^^ ^ - &v2,i ° Lie(r); 

• &Vi»V2,i = ®Vi4 ® idv2 + idvi ® 0^2,1. 

(If different fields E and K' as above are needed to define the &Vi,i, we can pass to a common extension 
and apply the remarks preceding the lemma.) Tannaka duality then implies that all &v,l arise from a unique 
element 0p_, eg®, Ck- □ 

Remark 10.1.2. The necessary functorial properties of the Sen operators are not automatic. All the relevant 
statements are in § 15 of MB CI . 

Recall also that ^ ^ Ck is Hodge-Tate if and only if 0p , is semi-simple with integer eigenvalues. We 
will need the following comparison: 

Lemma 10.1.3. Suppose p: Tk ^ Aut^ (V) is Hodge-Tate. Any embedding l: Qf ^ Ck induces t^: K "-^ 
Q(, and we then have 

HTr,(p) = {eigenvalues o/0p_,). 

Proof. Let E and K' be as above. The FAr-representation Ve is Hodge-Tate, and there is a natural isomor- 
phism of graded E ^'-modules 

(Ve ®q, BHif' ^K K' ^ {Ve ®q, Bnif''' . 
Restricting to the q''' graded pieces, we get an E (8)q^ /T' -isomorphism 

{Ve ®q, CK{-q)f'' ^K K' ^ {Ve CK{-q)f''' , 



'A precise reference is (HC501. 
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which in turn is an E ^'-isomorphism 

{Ve ®rx CKi-q)/" ®kK' ^ {Ve ®e, CKi-q))^"' ■ 

t: K^E l: E^Ck 

Projecting to the r-component, we obtain an E ®t;K ^'-isomorphism 

{Ve ®r,K CKi-qjf" ®kK' ^ {Ve ®e, Cj,(-^)f . 

l: E^Ck'-Ti=t 

Writing for the multiplicity of q in HTr(y), the left-hand side is a free E i^t,k ^''-module of rank niq^r- 
Meanwhile, the /^'-dimension of the t-f actor of the right-hand side is by definition the multiplicity of ^ as a 
Hodge-Tate weight of Ve ®e,i ^k, hence is ^'s multiplicity as an eigenvalue of &p ^. We deduce (applying 
the t-projection in E ®r,K K' = ni:r,=r that for all l the eigenvalues of &p i match the multi-set HT^^(V). 

Remark 10.1.4. We will only apply this when V is in fact de Rham, except for the last point of Remark 
113.0.141 

10.2. Induction and ^-adic Hodge theory. We will later need a result on compatibility of Fontaine's func- 
tors with induction. The following lemma is certainly well-known, but I don't know of a proof in the 
literature, so I record some details. 

Lemma 10.2.1. Let L/K/Q_c be finite, and let W be a de Rham representation ofTi. Then V - Ind^VK 
is also de Rham, and DjR(y) is the image under the forgetful functor Fil^ Fil/j ofDdRiW)- Moreover, 
Ind^ W is crystalline if and only ifW is crystalline and L/K is unramified. 

Proof. I originally wrote down a proof 'in coordinates,' but Brian Conrad pointed out that this follows almost 
immediately from Frobenius reciprocity if one uses contravariant Fontaine functors: 

D*^(V) ■- Homr.iVB^R) = Homr,(lV,Bdfi|rJ - D*^(IV). 

Since D*^(V) = DdR{V*), and Indf (W*) = Indf (IV)*, this shows that D^RiV) is simply the filtered /T- vector 
space underlying DdRiW). Comparing dimensions, it is clear that V is de Rham if and only if W is. In the 
crystalline case, the same observation yields D*^.^{V) = D*^.^{W), so 

dimjf„D,w,v(V) - dimK,D„isiW) = dimL,D„is(W)[Lo : Ko], 

and comparing dimensions we see that V is crystalline if and only if W is crystalline and [Lq : Kq] = [L : K], 
i.e. L/K is unramified. □ 

11. Spin EXAMPLES 

To address Conrad's question in general, we will cany out rather arid formal manipulations in terms of 
root data. First, another example will give a flavor of the general theory, while remaining pleasantly concrete; 
and specializing to discrete series/regular examples, we can also still exploit known results about automor- 
phic Galois representations. The previous example (lifting across the surjection GL2(Qf ) PGL2(Q;)) is 
really just the first case of a family of spin examples, 

GSpin2„^.i(Qf) 

rF^-^S02„+i(Qf), 

where p is geometric but has no geometric lift p. F will be a totally real field, and we will again see that 
over CM fields, geometric lifts do in fact exist. The case n = \ will amount to the contents of the previous 
section. 
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We first recall the basic setup for (odd) Spin groups. We will also make heavy use of this notation, and its 
obvious analogues for even Spin groups, later on in some of our examples of 'motivic lifting' (see ^TT] and 



1 



-^{±lj 



1 



Spin 



2/1+1 



-¥ GSpin2„+i 

Gm 



1 

where v is the Clifford norm. We can then identify 



S02„+l 



-4 SO 



2n+l 



GSpin2„ 



+1 



G„,xSpin2„_|_i 
|l,(-l,c)| 



1 



1 



where c is the non-trivial central element of Spin2„_|_i. This yields an identification of Lie algebras 

gsptn2„+i ^ gli x 502„+i, 

where glj is identified with the center of gsptn2„+i. Alternatively, GSpin2„^.i is the dual group to GSp2„, 
and it will be convenient to keep both normalizations of (based) root data for GSpin2„_^^i- one from the spin 
description, one from the dual description- in mind. Let (X, A, X^, A^) be the based root datum for GSp2„ 
(say defined with respect to 72n = ( -'i o ))> with its diagonal maximal torus T and the Borel B D T for 
which e, - ei+i and 2e„ - eo form a set of positive simple roots, with 

e,-: diag{ti, . . . ,tn,vt^\ . . . ,vt~^) U 

eo : diag{ti vt^"^ , vt~^) ^ v. 

Then for GSpin2„^i, we have the based root datum (with X^ the character group) 



X^ 
A^ 



1=0 

\a1 



X- 0Ze; 



!=0 



A = {at = ei - U {an = Icn - e^), 

with X and X^ in the duality (e,-, e*-) - dii. 

Alternatively, since Spinj^^j is the connected, simple, simply-connected group with Lie algebra 502n+i, 
we can write its character group as the weight lattice of so2„+i, i.e., as the submodule of ©"^^Qy/ spanned 
by ■ ■ ■ ,Xn, ^' ^ and its co-character lattice as those ^"^j c,/l; such that c,- € Z and ^ c,- € 2Z. The 
duality is {xi,^j) - Sjj. Letting ;^'o and Aq generate X*(GLi) and X,(GLi), respectively, the description of 
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GSpin2„+i as "^^'j^^^^'"))^' then leads to another description of the root datum as 



Y* 


i=l 






A* 


= {Xi- 






Y, 


n 

= ® 

i=l 


Z{M + 


-j)(BZAo 


A. 


= Ui - 




:! U {2An}. 



i=0 



We summarize by comparing the two descriptions: 
Lemma 11.0.2. There is an isomorphism of based root data 

{x\^\x,^)^{Y\^\Y„^,) 

given by 

(H^Xi fori=l,...,n; 

Xi+...+Xn 
eo^Xo ^ ; 

ei^Aj + Y fori^\,...,n-l; 
eo 1-^ Aq. 

For example, the center of GSpin2„+j is generated by the co-character eo Aq. The Clifford norm is 
given by the character 2xo ^e^ + e*. 

Returning to our representation p, recall that to each v\£ and i: Q( "-^ Cf,, we can associate the Sen 
operator 

(The place v is implicit in l.) Since p is Hodge-Tate, we can identify 0p ^ up to conjugation with a diagonal 
element 

/OTl 



-mi 



where mj - mj^C) are all integers!; 



Proposition 11.0.3. Let p: Tf ^ S02n+i(Qf) be a geometric representation as above, with F totally real. 
Then p lifts to a geometric, GSpin2f,+i-valued representation if and only if the parity ofY^j mj{i) is indepen- 
dent ofv\i and i: Q[ ' 



Remark 11.0.4. By itself, this result is formal. Later we will see how such p arise, at least when p is regular; 
but note that this Proposition makes no such assumption. 

Proof. By Proposition 14.0.181 some lift p, necessarily unramified almost everywhere, exists. All possible 



lifts differ from this phy cq o x for some x- 



It- 



As before, we can write the multiplier character 



y(p) : Tf ^ Qi asx Xo, where has finite order, and then replace p by a twist having v(p) of finite-order 
(Lemma [1 3 . 0. 7 1 will explain this procedure in general). Then, since finite-order characters have Hodge-Tate 



We choose the 'anti-diagonal' orthogonal pairing, so that S02,i+i has a maximal torus consisting of diagonal matrices. 
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weights zero, functoriality of the Sen operator imphes that for all l: Qf Cf,,, @p i maps to (0, 0p_i) in 
(gIiX®(so2«+iX0 

f spill 

Now consider the spin representation GSpin2„+i > GL2". In the above root datum notation this cor- 
responds to the highest weight -e*Q -xo + ^^ii^i^ xhe image of Sp ^ is then a semi-simple element 
with one eigenvalue i!ii±^i2k^ and all eigenvalues congruent to this (half-integer) modulo Z. In particular, 

fspin ° Plr^,, is Hodge-Tate, and thus de Rham, if and only if for all l: Qf "-^ C^,,, mi(t) -1- ... -1- m„(0 is even. 
If all (for all v\£ and all i) of these sums are odd, then we twist by a character x with all Hodge-Tate-Sen 
weights 1/2 (see Lemma [5.2.41 ) to get a new p, now geometric, lifting p. On the other hand. Lemma [5.2.41 
shows that for F totally real we cannot twist p in a similar way if some Y.j'^jiO are even and others are 
odd. □ 

Corollary 11.0.5. Let p: Ff SOjn+iiQe) ^■^ ^'^ Proposition U 1.0.3] Let L/F be a CM extension. Then 
plr^ has a geometric lift. 

Proof. With the framework of the previous proof, this follows by the same argument as Lemma [9.2.4| □ 

If we make additional assumptions so that potential automorphy theorems apply, we can of course say 
more. The next couple lemmas merely cash in on some very deep recent results. 

Lemma 11.0.6. Assume that p: Tf ^ S02n+i(Qf) c GL2„+i(Qf) as in the previous proposition moreover 
satisfies: 

• For all v\i, p\yp, is regular and potentially diagonalizable; 

• p|rp(^^) is irreducible. 

• e> 2(2n + 2). 

Then after some totally real base change F' /F, there exists a regular L-algebraic self-dual cuspidal auto- 
morphic representation n on GL2,j+i/F' such that n < — > p. 

Proof. This is immediate from Theorem C (=Corollary 4.5.2) of BBLGGTl . since p is automatically totally 
odd self-dualE3 □ 

Lemma 11.0.7. Let p < — > tt be as in Lemma YlL0.6\ Then n descends to a cuspidal automorphic represen- 
tation on Spjfi/F'. 



Proof. This follows from Arthur's classification of automorphic representations of classical groups ( IIArtll ). 
Namely, p^ ^ p implies that = n, and det(p) = 1 implies that oj^ = I. n is cuspidal, so the associated 
formal A-parameter (p (see §1.4 of BArtll ) is simple generic and so comes from a unique simple twisted 
endoscopic datum as in Theorem 1.4.1 of |[Artil : since 2?i -1- 1 is odd, the parameter (p therefore factors 
through either S02n+i(C) or 02„+i(C), but the latter case is ruled out since oj„ = 1. It follows that - 

sp2„/i^E] □ 

Proposition 11.0.8. Continuing with the assumptions (and conclusions) of the previous two lemmas, p|r^, 
has a geometric lift to GSpin2„+i(Qf) if and only ifn admits an L-algebraic extension to GSp2„(Af ). In the 
other direction, we have, as in Lemma [8.2.8\ an automorphic construction of infinitely many such p, whose 



^^Writing g, as a short-hand for g (8)n ^Cf 



^^Note that those authors always work with C-algebraic automorphic representations, so the statements of their theorems always 

have an extra, but easily unraveled, twist. 

SI — 9 9 

One would like to say that since p lands in S09„+i(Qf), Sym (p) contains the trivial representation and therefore L{s, n, Sym ) 

has a pole at j = 1; this would allow us to descend n to Sp2„/-f using ICKPSS04I . Unfortunately, nothing is known a priori about 

L{s, V) where Sym^(p) = 1 ® V; in particular, we can't say immediately it is non-vanishing at 5 = 1, so this argument doesn't seem 

to work. The argument we have given allows us to deduce that L{s, n, Sym^) has a simple pole at ^ = 1, and therefore L{s, V) is 

non- vanishing at i = 1. 
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local behavior^ we can additionally specify at any finite number of places, that do not admit a geometric 
lift. 

Proof. (Some details of this argument are omitted, deferring to more general arguments in the next section.) 
At each v|oo, we can write the L-parameter of as 

0,,: Wf„ ^S02„+i(C)xWf„ 

/'z"'i|'i 



with all mi, /; e Z. Since the transfer of n to GL2„+i IF is cuspidal, Clozel's archimedean purity theorem (see 
Lemme 4.9 of IIClo90i ) implies that = for all / (and all v). To extend tt in an L or W-algebraic fashion, 
the key point is to construct an appropriate extension of the central character. Any lift to GSpin2„_|_i(C) 
of the parameter (p^ must, on W-p , take the form z ^ z'^'Z^', where 



!=1 



1=1 



The central character of this extension is (by pairing with 2xq, the Clifford norm; this procedure for com- 
puting central characters is explained in general in ||Lan89ll ) 



If we can choose an extension of ;r to ^ on GSp2„/f with finite-order central character, then this calculation 
shows that 0,, (the local L-parameter for n^) is always ' W-algebraic,'|3 and it is 'L-algebraic' if and only if 
Y!i=\ f^vj is even. The result would follow easily, twisting our given tt by | • |^^^ if all Yji f^h'j are odd (just as 
in the Galois case). That we can find such an extension n with finite-order central character will be proven 
in much more generality in Proposition 112.3.31 

The construction of geometric p: Fp ^ S02„+i(Qf) having no geometric lift to GSpin2„_|_i(Qf) (and 
with specified local behavior) follows as in Lemma [8.2.81 applying Clozel's limit multiplicity formula to 
G = Sp9„/F, transferring these forms to GL2,i+i (via [Art] ), and then invoking the Paris Book Project, or, 
more precisely. Remark 7.6 of BShilll . □ 



We have therefore generalized some of the results of ^(the case n = 1). 



Part 3. Galois and automorphic lifting 

This chapter begins ( ^121) by addressing the natural automorphic analogue of Conrad's lifting question. It 
is much easier to see what should be true in this setting, and the proofs are simpler as well. Equipped with 
the intuition coming from the automorphic case, we address the original Galois-theoretic question in ^T3l In 
^T4l we combine the results of ^12] and [13] to compare, modulo the Fontaine-Mazur-Langlands conjecture, 
descent problems for certain automorphic representations and Galois representations. The closing section, 
^TSl is of a rather different nature, assembling a few results about the images of compatible systems of 



'i.e. inertial type 

'Using this term abusively for tlie obvious local analogue. 
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^-adic Galois representations. The results of this section continue the attempt to compare aspects of the 
automorphic and Galois-theoretic formalisms. 

12. Lifting W- algebraic representations 

For simplicity, we take G to be a connected semi-simple split group over F; in fact, the cases of greatest 
interest are when G is simply-connected (so is adjoint), such as SL„ or Sp2„, but we do not assume 
this. The semi-simplicity assumption is not essential, and in fact in ^T3] we will work more generally. 
Choose an embedding of Zq into an F-split torus Z, and let G - {Zx G)IZq, as before, with maximal torus 
T = (Zx T)/Zg and center Z. In each case Zq is embedded anti-diagonally. 

Now let TT be a (unitary) cuspidal automorphic representation of G(Ap) that is VK-algebraic. We are 
interested in the problem of lifting tt to a VK-algebraic automorphic representation n of G{Af); when n is 
moreover L-algebraic, we similarly ask whether an L-algebraic lift exists. By 'lift,' we simply mean the 
most naive thing: the restriction ji\G(Af) contains n. Corollary 1 1 2 .2 .4 1 j ustifies this convention, showing that 
under the L-morphism ^G — > ^G, the L-packet of ;r is a functorial transfer of the L-packet of k. 

12.1. Notation and central character calculation. In order to do computations in terms of root data, we 
choose coordinates (using invariant factors) such that 

r s 

x'(z) = 0zw,-®0zw;, 

'•=1 i=i 

and the kernel of Z*(Z) ^ X'(Zg) is 

r s 

diZwi ® Zw'j. 

This is X*{S) for the torus S = Z/Zc- We then write X*{Zg) = ®[{'Z/diZ)wi. To relate parameters for G to 
those for G, we use the Cartesian diagram 

X*(f) > X\Z) 

X'{T) >X'{Zg), 

representing elements of X*{f) as pairs (xt,Xz) "^^at are congruent in X*(Zg). Extending scalars to Q (or 
any characteristic zero field), X*(f )q X*(T)q ® X*{Z)q. We will usually (out of sad necessity) take F to 
be either CM or totally real. In the former case (or whenever an archimedean place is complex) we compute 
local central characters (see page 21 ff. of [Lan89]) as follows: 

Suppose V is complex, so there is an isomorphism : Fy C. Let 

rec,,X^v): z ^ hizTlizY^- e 7^(00 

be the associated Langlands parameter, with v,, e X*(T)c with fi^, - e X*{T). Write Yj'i=ilMv ~ ^vl/W',- 
for the projection of - Vy to X*{Zg)- Choose any fivj,Vvj € C with fi^j - v^j an integer projecting to 
ljU,, - Vy]i € Z/djZ. We can then regard p.^ - (//,„ Hi fivjWi) and v,, - (v,,, VvjWi) as elements of X*{T)c 
parametrizing an extension of the local L-parameter of tt,, to a parameter for G(Fy). Identifying, via our 
chosen basis, Z(Fv) with (C^)''"'"'', the central character cujr,, of this lift is simply 

r 

1=1 



From now on, we write z, z in place of (v(z), iv(z). 
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Restricting to Zq{Fv) = //^j x • • • x jU^/,. c (C^)'', we find that the central character oj,^^, is given by 

r 

i=i 

where each is a df root of unity. Clearly this is independent of the choice of lifts /i,,, Vy. 

Definition 12.1.1. If F is a CM field, and tt is a (unitary) automorphic representation of G{Af) with 
archimedean parameters fiy,Vv as above at each v|oo, then we define oj = (l>{n) to be any choice of Hecke 
character of Z lifting coj^ and such that 

r 

wy(zi,...,z,) = Y\izi/\zi\r'-'''''- 

i=l 

This is a unitary, type A Hecke character whose existence is assured by Lemma [5.1.5l 

When V is real, the lifting process is more complicated (see IILanSQI ). and the central character computa- 
tion depends very much on where the L-parameter of sends an element of Wr - Wc- We can avoid this, 
however: 

Definition 12.1.2. Let n be as in the previous definition, but now suppose F is totally real. Then we define 
CO to be any choice of finite-order Hecke character of Z extending a)„ (existence again by Lemma [5.1.5l) . 

12.2. Generalities on lifting from G(Af) to G(Af), We now try to find an automorphic representation 
ft c L^^^p{G{F)\G{Af), a)jj lifting tt, where oj is any (unitary) lift of the central character co„. We say that 
we are in the Grunwald-Wang special case if one of the pairs (F, di) is in the usual Grunwald-Wang special 
case. Let //Af^ = G{Af)Z{Af) (a normal subgroup of G{Af)), and let Hp = H^p n G{F). 

Lemma 12.2.1. We are in the Grunwald-Wang special case if and only if Hp strictly contains G{F)Z{F). 

Proof. Recall the characters diWi € X*{S) = X*{G) (since G is semi-simple). These induce an isomorphism 

HplG{F)Z{F) ^ f] (f^ n (A^)'^') liF^'f. 

i=\ 

□ 

There are various ways to show forms on G{Af) extend to G{Af); the argument we use here is modeled 
on one of Flicker for the case (G, G) - (GSp2„, Sp2„) (see Proposition 2.4.3 of IIFli06ll ). 

Proposition 12.2.2. Let n be a cuspidal automorphic representation ofG{Af), with central character aj^^. 
If we are not in the Grunwald-Wang special case, then for any extension Co oftOjt to a Hecke character ofZ, 
there exists a cuspidal automorphic representation n ofG{Af) lifting n, and having central character oj. If 
we are in the Grunwald-Wang special case, then for at least one extension ofco„ to 

r r 

]~[Cf[J,]D]~[/lrf,(^)W(AF), 

i=l !=1 

and for any extension of this character to a Hecke character u) ofZ, there exists a cuspidal h lifting n with 
central character a;F^ 

Remark 12.2.3. In particular, in all cases, for all Hecke characters Go extending <jo„, there exists a Hecke 
character Go' having the same infinity-type, and a cuspidal representation n of G(Af ) lifting n, with central 
character Go' . 

^^That is, the space of measurable functions on G(F)\G(Af ) with (unitary) central character uj, and square-integrable modulo 
ZCFoo)"- or, equivalently, modulo A(;(R)'', where Aq is the maximal Q-split central torus in ReSf/Q(G). 
This odd modification in the special case is presumably an artifact of my clumsy proof. 
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Proof. Choose an extension o): Z{F)\Z{A.f) — > of ojj^. By extending functions along Z(Af) via oj, we 
embed the space V„ of n into the space of cusp-forms on G{F)Z{F)\Hap, and thereby obtain an extension 
of ;r to a representation of H^p ■ We construct an intertwining map 

lndlf^'\n^) ^ Ll,,p{G{F)\G{XF),cb), 

where the induction consists of functions F : G{Af) — > V„ with the usual Ieft-//Af^-equi variance, and the 
requirement of compact support modulo H\j,. Write (5i : V;r — > C for evaluation at 1 of the cusp forms in 
V„, and set 

G{F)Z{F)\G{F)3u 

where we write F„ for the value at m of F e lnd{7T^). This sum is in fact finite: G(F) is discrete in G(Af), the 
fibers of G{F)Z{F)\G{F) HAp\G{Af) are finite, and we have assumed F has compact support modulo 
Hap- It is also well-defined because for y € G{F)Z{F), 

5i{Fyu) = Slir ■ Fu) = Fuij) = FuW - <5i(F„). 

The map U is then given by 

U{F):g^L(I(g)F), 

where /(•) denotes the (j(Af )-action on the induction. U is clearly G(Af )-equivariant and has output U(F) 
which is left-(5(F)-equivariant (by its construction as an average) and has central character a>; U(F) is a 
cusp form by a simple calculation using the fact that the unipotent radical of any parabolic of G is in fact 
contained in G. 

To see that U 0, take a non-zero form / e V^-; we may assume (by translating) /(I) t 0. Then define 
F e Ind(7r^) by 

Fh-.h'^ f{h'h) 

if /i € //Af > and Fg -Ofor g ^ H\p. Then 

^ ^ ( ft,A if ,1 c ^- p, 



v~i v~i I f(u) Hue 

u{F){\)^y6i{F,,)^y\-''^ 

otherwise. 

U W V 



So, if we are not in the special case, we just get U(F)(l) = /(I) i= 0. If we are in the special case, then for 
each pair {F,di) in the special case there is an element a,- e F^ which is everywhere locally a t/J'' -power- 
say Oi = y6^', but not globally a df -power. By abuse of notation, we also write a,- for an element of G{F) 
such that {diWi){ai) is this element of F^ and the other characters djwj {j i) and w'. of G are trivial on a,@ 

Regarding y6; as an element of the componenet of Z(Af ), we can therefore write a,- = /?,■ -y;, where each y,- 
lies in G{Ap). If only one pair {F,di) is in the special case, then the above expression for U{F){\) becomes 
/(I) -I- /(a,) ^ /(I) -I- cb(J3i)f{yi). This time we normalize / so that /(y,) i= (rather than /(I) i= 0), and 
so necessarily either /(l) + coi^dfiji) 0, or this expression is non-zero for any u extending the *other* 
extension of a)„ to a character of C/r[J,]. Thus we can choose at least one initial extension to Cf [J;], and 
thereafter the argument proceeds as in the non-exceptional case. If multiple {F, di) are in the special case, 
the same argument applies: arrange some /(y,) + 0, and if U{F){\) - 0, change the extension of uj^ to 
Cf [<i,] just in this component. 

Finally, given that J7 0, we take n to be the image of any irreducible constituent of Ind^^^'^^TTf^) that 
survives under U , and we claim this is the desired extension of tt^. The isomorphism classes of Hf^p- 
representations appearing in the restriction to //a^ of the full induction are precisely the conjugates tt? , for 
g € G{Ap), and G(Af )-stability of n implies that all of these in fact appear in . In particular, this latter 
restriction contains n,-,. □ 



'We use the assumption that G is split over F. 
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We need to supplement this by understanding to what extent tt is a 'functorial transfer' of n, with respect 
to the L-homomorphism ^ ^G: 

Corollary 12.2.4. Continue in the setting of the proposition. Then n is a weak transfer of n, which is 
also a strong transfer at archimedean places. That is, at all unramified and all archimedean places, the 
L-parameters 0,, and 0,, of and n^, are well-defined, and our assertion is that 0v reduces to (py ( up to 
G^ {C)-conjugacy) for all such v. In fact, we verify a more general local result: 

1 

• Let V be an archimedean place, and let G ^ G be a morphism of any connected reductive groups 
over Fy, with abelian kernel and cokernel. Given an L-parameter for G{Fy), we can form (py = 
^T] o ^y. The local L-packets 11^ and IT^^ have been defined by Langlands, and for any fty € 11^ , the 
restriction 7rvlG(F,,) is a finite direct sum of irreducible admissible representations belonging to 11^,,. 

• Now let V be a finite place, and suppose G ^ G are unramified groups over Fy. Let (f>y be an 
unramified L-parameter for G{Fy). Then the same conclusion holds as in the first part: for any 
7Ty € , the restriction ?rvlG(f„) a finite direct sum of elements of the (well-defined) local L-packet 
n^„, with (py = ^77 o 0,,. 

Proof. For infinite places v, the assertion follows from desideratum (/v) on page 30 of (LanSQl. Since the 
construction of the correspondence is inductive, the verification necessarily stretches out through §3 of that 
paper; for the first (and most important) case of discrete series, see page 43. 

Now we treat the unramified case. Suppose tt,, is unramified, i.e. there exists a hyperspecial maximal 
compact subgroup Ky of G{Fy) such that ity ' i= 0. Then for some unramified character Xv of T{Fy), fty is a 
sub-quotient of The natural map G(Fy)/B{Fy) G{Fy)/B{Fy) is an isomorphism, so restriction of 

B{F,.) 

functions gives an isomorphism of G{Fy) representations 

Write ;t'y iox Xv\b(f^:)- It is an unramified character of T(Fy), and under the identification of unramified 
characters of T{Fy) with Hom(X,(r)^''' , C^) (and the analogue for f ), and thus with the space of unramified 
L-parameters, Xv corresponds to the parameter 4>v = ^rj o (py. By definition of unramified L-packets (see 
§10.4 of Borel), to see that any constituent Ky of 7r,,|G(F,,) lies in the packet 11^^,, we need only check that ny 
has invariants under some hyperspecial maximal compact subgroup of G(Fy). To see this, let m be a non- 
zero vector in Tff''. Decomposing tTvIgcf,,) - ©J^/rf'"' (with the tt, distinct isomorphism classes; in fact, the 
multiplicities are all equal), we see that u lies in one of the isotypic componenets ;r®'"' , since the induction 
/(Yv) can only have one Ky := G{Fy) n Ky- invariant line. Fixing a decomposition u = with uj in the 

copy of TTi, we find that the uj are themselves also A'y-invariant, hence ;r, contains a /Ty-invariant vector 
(this in turn implies the multiplicities m, must equal 1). Since G(Fy) acts transitively on the isomorphism 
classes ;r,-, each tt,, and in particular our given tt,,, contains some vector of the form ny{g)u, which is gKyg^^- 
invariant. Now, g lies in G{Fy) but acts through its image in GadiFy) c Aut{G){Fy); this group acts on 
the set of hyperspecial points of the building of G{Fy), so gKyg'^ is also a hyperspecial maximal compact 
subgroup, and we're done. □ 

Remark 12.2.5. According to expected properties of local L-packets, n should be a strong transfer of ft (see 
§10.3 of IIBor79l ). but of course this statement is meaningless until the local Langlands correspondence is 
known for G and G. 

Eventually, we will also want to understand the ambiguity in the choice of n. Strictly speaking, we only 
need this in one direction of Proposition 112. 33] below, but as a general problem, its importance is basic. We 
will need to assume something from local representation theory, which has also previously been conjectured, 
more generally for quasi-split G and G, by Adler and Prasad ( IIAP06i . 
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Conjecture 12.2.6. Let v be any place F, and let G and G be as above. Then for any irreducible smooth 
representation fty ofG{Fy), the restriction tTvIgcf,,) decomposes with multiplicity one. 

The motivation for this conjecture is the uniqueness of Whittaker models for quasi-split groups, and 
indeed the conjecture holds for generic ff,,. The analogous statement for v archimedean is straightforward in 
many cases: for instance, for a simple G, it is easy because R^/(]R^)" is cyclic for all n. I suspect that the 
technology exists to deduce it in general for archimedean v. For v non-archimedean, we have verified it in the 
unramified case (see the proof of Lemma [12.2.4I ). and in general the conjecture is known for the following 
pairs (G,G): (GL„,SL„) (from the theory of, possibly degenerate, Whittaker models; see I LL79.I for the 
n = 2 case), and any pair {GU{V), U{V)) where (V, (,)) is a vector space over F,, equipped with a non- 
degenerate symmetric or skew-symmetric form (,), and GUiV), respectively U{V), denote the similitude 
and isometry groups of the pairing (see Theorem 1.4 of IIAP06I1 ). So, whatever the status of the general 
conjecture, the discussion below applies to some interesting cases. 



Lemma 12.2.7. Assume Coniecture Ul. 2. 61 Suppose n and n' are two lifts ofn ( i.e. their restrictions contain 
n) with the same central character oj. 

• There exist continuous idele characters or,- : C^, for i - 1 , . . . , r, such that, in the notation of 



Wi 



. !=1 



and each a.' factors as a genuine Hecke character a.' : A^/F^ C^. 
• Since Hecke characters satisfy purity, so do the characters a,-. [We are particularly interested in the 
consequent constraint on the infinity type of which must be just as rigid as the constraints for 
Hecke characters. This will be applied in Proposition \12. 3.3\ l 

Proof. As before, write //a^ - G{Ap)Z{Af), and write Hy = G(Fy)Z(Fy) for its local analogue. By hy- 
pothesis, both restrictions 7t\h^^ and 7 t'\h^^ co ntain tt lEi o), so this holds everywhere locally as well. Lemma 
2.4 of [GK82| (applying Conjecture 112.2.61 ) implies that for all finite v, there exists a smooth character 
Oy-. G{Fy)/Hy ^ such that fiy = n'y • ay. By duality (for finite abelian groups), we can extend this to a 
character ay. 

1 — y G(Fy)iHy — > nLi F'i^mt 




We express ay in coordinates as 

for smooth characters a,- ,, of trivial on {FyY'. Globally, we then have 

^ 



n = n 



]~[ (»>,>) O diWi 



\i=l 



Here the a, := (8(,a,,v are continuou^ characters A^ — > C^, but they need not be Hecke characters. Taking 
central characters, however, we see that each a'!' is in fact a Hecke character. □ 



Remark 12.2.8. Under Conjecture 1 12.2.61 one should be able to refine the arguments of this section to pro- 
duce a multiplicity formula for cuspidal automorphic representations of G{Af) in terms of those of G(Ap), 
as in Lemma 6.2 of IILL79II ). One can also axiomatize the passage between local Langlands conjectures 



Almost all o-, ,, are unramified, since the same holds for jr,, and n[,. 
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for G and for G; this would include verifying compatibility of the conjectural formulae for the sizes of L- 
packets (a template, in the case of (GSp, Sp), is given in the paper of BGTIOH : their arguments will clearly 
apply much more generally). 

12.3. Algebraicity of lifts: the ideal case. Now we return to questions of algebraicity, handling the CM 
and totally real cases in turn. In each case, we carefully choose an extension of the central character of n (as 
described in Definitions 1 1 2. 1 . 1 1 and 112.1.2] ). and then find a tt as in Proposition ! 12.2.21 with that central char- 
acter, and whose restriction to G(Af ) contains n. This will yield enough information about the archimedean 
L-parameters of n to deduce the desired algebraicity statements. To give a clean argument with broad con- 
ceptual scope, we will assume that n is tempered at infinitjEE As remarked before, this is not a serious 
assumption for algebraic representations: it is satisfied for forms having cuspidal transfer to some GL^. For 
non-tempered forms, analogous results for the discrete spectrum can be deduced from Arthur's conjectures. 

Proposition 12.3.1. Let F be CM, with n,7T as above, and with oj the (type A) extension ofaj„ described in 
Definition \12.1.1\ Assume jToo is tempered. 

(1) Ifnis L-algebraic, then ft is L-algebraic. In particular, there exists an L-algebraic lift ofn. 

(2) Ifn is W -algebraic, then n is W -algebraic. 

Proof. We use the notation of 912.11 We may of course take all /iy,/ and Vy,; to be integers. By the choice of 
central character oj, the archimedean L-parameter for tt,, corresponds to 

= (jUv, 2] ^"'' ^'^"'' ^O e X\T)c®X'iZ)c, 

and 

We write this parameter as an obviously integral term plus a defect: 

= (Mv, ^ l^vjWi) -I- (0, - ^ ^ Wi), 

and likewise for Vy. Note that this lies in X{f) if and only if for all / = 1, . . . , r, we have € J,Z. The 

discussion is so far general; if we now assume n^, is tempered, then for all A e X,{T), the character 

is unitary, i.e. 

Re{{^i, + v,,X,{T))) = 0. 

W-algebraic representations of course have real infinitesimal character, so jiy - -Vy, and therefore in the 
initial choice of lift we may assume //y ,■ - -Vy ,■ for all /. Then obviously fxy is L-algebraic. 

If TT is only W-algebraic, then we have to check that 2/iy - {2fj.^,,Yj{Mv,i - Vvj)wi) lies in X*(J'). This 
element of X*{T) ® X*{Z) represents an element of X*{f) if and only if 2//y maps to YjiIMv - VyJ/w,- in 
X*{Zq). The latter is also the image of p.y - Vy, so it is equivalent to ask that yUy -i- Vy € X*{T) map to zero in 
X*{Zg). As above, temperedness of TTy guarantees this, so we are done. □ 

Remark 12.3.2. This result would immediately extend to totally imaginary fields if we knew that (jd„ ex- 
tended to a type Aq Hecke character of Z{Xp). As noted in Remark l6.2.6[ this would follow from the ('CM 
descent') conjectures of ^ The ability to extend L-algebraic representations on G to L-algebraic represen- 
tations of G is essential to Arthur's conjectural construction (see §6 of IIArt02ll ) of a morphism £.f ^ Gf 
between (his candidates for) the automorphic Langlands group and motivic Galois group of F, and so his 
construction in the totally imaginary case is consistent with our results. As we will see in the next Proposi- 
tion, however, the construction requires modification for totally real F. 



'No assumption at finite places. 
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So we turn to the case of totally real F. I am grateful to Brian Conrad for urging a coordinate-free 
formulation of the obstruction in part 2 of the proposition. 

Proposition 12.3.3. Now suppose F is totally real, with n, cb, n as before ( oj finite-order as in Definition 
\12.1.2i . Alternatively, let F be arbitrary, but assume that ojj^ admits a finite-order extension cb. Continue to 
assume tToo is tempered. 

(1) Ifnis L-algebraic, then it admits a W -algebraic lift n. 

(2) Assume Conjecture \12.2.6\ for the 'only if direction of this statement. Assume F is totally real, 
and consider this W-algebraic lift n. Then the images of p^ and Vy under X*{T) X*{Zq) lie in 
X*{Zq)[2], and n admits an L-algebraic lift if and only if these images are independent ofv\oo. 

Proof. We continue with the parameter notation of the previous proof. Let n be L-algebraic. First we check 
that since o) can be chosen finite-order (automatic in the totally real case, but an additional assumption at 
complex places) p^, - Vy maps to zero in X*{Zq). If v is imaginary, then cb cannot be finite order unless cjOj^^, 
is trivial, hence p^ and themselves are trivial in X*{Zq). If v is real, then in c we have the relation 

writing cp for the L-parameter and j € Wp,. - W-^ . Now, (p(j) € Nc'-^iT'^) represents an element w of the 
Weyl group of , and this yields the relations wpv = v,, and wvy = p^. Thus pv - v,, = pv - wpy, which lies 
in the root lattice Q of G. [This holds for wx -X for ^riy ^ ^ X*{T): reduce to the case of simple reflections, 
where it is clear from the defining formula.] Restricting characters to Zq factors through a perfect duality 
Zg X X\T)IQ Q/Z, so jUv - wp,, e Q has trivial image in X*(Zg). 

Any lift with finite-order central character has parameters pv = {pv,0) and Vy = (yv,0); this pair yields a 
well-defined representation of W-p , i.e. - v,, € X*{T), and its projections to T and Z are what they have 
to be, so they are the only possible parameters; that this extends (possibly non-uniquely) to an L-parameter 
on the whole of W^,, follows from general theory (Langlands Lemma), but we do not need the details of 
this extension. Now we use the assumption that ttv is tempered: as in the previous proposition, we see that 
Pv = -Vy. Hence 2//y maps to zero in X*{Zq), and so 2(//v, 0) € X*{f), i.e. (//,„ 0) is W-algebraic. 

For F totally real, we now show the second part of the proposition. By Lemma [T2.2.7[ if a second lift n' 
is L-algebraic, then 




where each af is a Hecke character of our totally real field, and therefore (since n and n' both have rational 
infinitesimal character) takes the form;^',- • | • |^'''' for a finite-order character;^, and a rational number y,-. The 
infinitesimal character of n[, (for v|oo) then corresponds to {]J.v,YjyidiWi) € X*{f)iQ_, which is integral if and 
only if yi € jZ and yjdj is the image of p^ in 'Ljdi'L for each /. The claim follows easily. □ 

Corollary XI.'iA. Let F be totally real and n be L-algebraic onGjF. 

(1) Suppose TToo is tempered. If all di are odd, then n is L-algebraic. In particular, if the simple factors 
of G are all type A2n (i-e. SL2n+ij, or of type Lg, E^, F4, G2J3 then any L-algebraic n has an 
L-algebraic lift. 

(2) Assume F + Q (still totally real). For G simple simply-connected (and split) of type B„, Cn, D2n, and 
E-], there exist, assuming Coniecture \12.2.6\f or the pair (G, G), L-algebraic n on GIF, tempered at 
infinity, that admit no L-algebraic lift to G. 

Proof The first part is immediate from the proof of the proposition: for di odd, if the image of 2pv in 1.1 d\L 
is trivial, then so of course is the image of p^. For the second part, we use existence results for automorphic 



A2„ and Eg are the interesting examples here, since in the other cases the adjoint group is simply-connected. The index 
\X'{T) : Q] for the simply-connected simple group of type Eg is Z/3Z. 
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forms that are discrete series at infinity as in Leninia [8.2.8l and Proposition lll.0.81 For a semi-simple, simply- 
connected group, p lies in the weight lattice, so discrete series representations will be L-algebraic. Choose a 
quotient G ^ G' ^ Gad, with T' the induced maximal torus of G' , such that X*{T')/Q = X*{Zg)[2] under 
the isomorphism X*{T)/Q X*(ZG).Then we can find a discrete series representation of G(Foo) such that 
at two infinite places vi and V2, the parameters have the form (on C^) 

where the /i,,, are distinct in X*(T')/Q^ This ensures that the p + fj.y. have distinct images in X*(Zg)[2]. It 
remains therefore to check that the split real forms of these groups, except for A2„-i , actually admit discrete 
series. Type C„ was treated previously. For type B,,, the (real) split group is Spin(?i,?i -i- 1), which always 
admits discrete series (real orthogonal groups SO(p, q) have discrete series whenever pq is even). Likewise, 
for type D„, the split form Spin(?i,?i) has discrete series if and only if n is even. The split real form of 
E-] also admits discrete series: its maximal compact subgroup is SU(8), which contains a compact Cartan 
isomorphic to (S')' (see the table in Appendix 4 of IIKna02ll ). □ 

Remark 12.3.5. • In IIArt02ll . the factor of the motivic Galois group associated to n (or rather its 
almost-everywhere system of Hecke eigenvalues) is defined as a sub-group Q„ of x , with 
Tf the Taniyama group The natural motivic Galois representation is the projection to G^, and 
implicit in the construction is the fact that this lifts to G^ . Corollary 112.3.41 then gives concrete 
examples of automorphic representations (including ones that ought to be 'primitive,' arranging the 
local behavior suitably) for which the Tannakian formalism should not behave in this way. 
• If our lifting results were generalized to quasi-split groups, we could presumably include D„ for n 
odd in the second part of the Proposition, since the non-split quasi-split form has signature {n + l,n- 
1), for which the associated orthogonal group admits discrete series. Similarly, we could include 
type A2n-\ by using the quasi-split unitary group S\J{n, n) instead of SL2,|. 

13. Galois lifting: the general case 

Now we discuss a general framework for Conrad's lifting problem. We consider lifting problems of the 
form 

A 

P / 

for any surjection H' H, with central torus kernel, of linear algebraic groups over Q^. In this picture, 
we want to understand when a geometric p does or does not admit a geometric lift p. We will see (Remark 
113.0.141 ) that the general case reduces to the case where H' and H are connected reductive, and so to reap the 
psychological benefits of the work of ^121 we may write H' = G^ , H = G^ , where G c G is an inclusion of 
connected reductiv^^ split F-groups, constructed by extending the center Zq of G to a central torus Z; that 
is 

G = {GxZ)/Zg. 

The quotient Z/Zq is a torus S , and we get an exact sequence 

1 ^G^ ^G^ ^ 1, 

^^We have shifted what was previously denoted yu,, by p in this case because of the description of discrete series L-parameters 
as arising from elements of p + X'(T). Note that p mapst to X'(Zq)[2] since 2p is in the root lattice Q. 
^^Note that we work with split groups: in general this would be a semi-direct product. 

^^Unlike in 9121 whose results were largely intended to motivate the results of this section, we no longer require G to be 
semi-simple. 
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and a canonical isomorphism of Lie algebras = ® s^. To start, we elaborate on some of the associated 
group theory, slightly recasting the notation of the previous section to take into account the fact that G may 
have positive-dimensional center. The exact sequence 

gives rise, by applying X*{-) and then Hom(-, Z), to an exact sequence 

1 ^ Hom(X*(ZG),Z) ^ X,{Z) X,iS) Ext\X'iZG),Z) 1. 

Using invariant factors, it is convenient to fix a basis of X*{Z) such that the inclusion X*{S) c X*{Z) is in 

coordinates 

X\S) > X'{Z) > X\Zg) 



zdiWi — > ®zizwi — > 0;"^! zid-Lwi ® ©;:^j zw,+y 

Let w* denote the dual basis for X*{Z^), and let v* denote the basis of X*{S^) dual to diWf, in particular, w* 
maps to div* under X^Z"^) ^ X*{S 

We work with the maximal torus t = (T x Z)/Zg of G, and deduce from its definition an exact sequence 

1 ^ X\f) X\T)®X\Z) X\Zg) 1, 

and thus a (crucial) exact sequence 

(1) 1 ^ Hom(X*(ZG),Z) ^ X'{T'^)®X'{Z"^) X'{f"^) Ext ^ (X* (Zg ), Z) ^ 1. 

Note also that there is a canonical isomorphism X*(Z^) which follows from exactness of the 

row in the diagram: 

1 



1 > G^^ > G"^ > Z^ > 1 




where G^^ denotes the simply-connected cover of the derived group of G^ . Recall that we index Sen oper- 
ators 0p_i by embeddings i : Cf,,, where v is a place above I. Given a geometric p: Ff — > G^(Qf), 
Conrad's result (see Theorem I4.0.20I and Remark |4.0. 191 ) implies that a lift p is geometric if and only if 
it is Hodge-Tate at all places above t\ we will use this from now on without comment. That is, we need 
to arrange p such that each Sen operator 0p_( € Lie(G^)i is conjugate to an element of Lie(f that pairs 
integrally with all of X*(r^j3 under the natural map 

T Ip 

X\f"^) — > Hom(Lie(f''),Q^). 

^"Xhis condition is independent of the way 0p_, is conjugated into Lie(f since: (1) we already know tliat 0p_, pairs integrally 
with the roots, which all lie in X'(T^y, (2) the ambiguity in conjugating into Lie(r''), is an element of the Weyl group; (3) for any 
weight X e X*(r^) and w in the Weyl group, wA- A lies in the root lattice. Compare the proof of Proposition ! 12.3.31 
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Here is our starting-point: 

Lemma 13.0.6. There exists some lift p of p. Any other lift is of the form 

r r 

Vi oXi) ■ g ^ pig) ■ Y\i'^' °Xi)ig), 

where the v,- = <i,w,- range over the above basis ofX,{S^), and each Xi : ^ is a continuous character 

Proof. A lift exists by Proposition 14.0.181 Although continuous cohomology does not in general have good 
5-functorial properties, there is no trouble with , so any lift has the form pix) for some;^f : Yf S^{Q_[). 
We compose with the dual characters v* in X*{S^) to put;^ in the promised form. □ 

The following lemma is the general substitute for choosing lifts with finite-order Clifford norm in the spin 
examples 

Lemma 13.0.7. Let p: Tf ^ G^(Qf) be a geometric representation. Then there exists a lift p: Tf ^ 
G^(Qf) such that, for all v\£ and all f : ^ C^^, the Sen operator ^ pairs integrally with all ofX'{7y) = 

Proof. We use the bases of the various character groups specified above. In particular, composing an initial 
lift p with the various w* € X*{G^), i = 1, . . . , r, we can write 

w* op=xfxifi' Tf ^^i, 
where ihext and;tf,_o are Galois characters sNithxi,Q finite-order. Then we consider the new lift 

r 

i=\ 

which has the advantage that w* o p' = {w* o p) ■ xj'^' is finite-order for all / = 1, . . . , r. Moreover, for the 
characters w*^^., j = I, . . ., s, namely, the sub-module Hom(X*(ZG), Z) c X*(Z^), the compositions w*^jOp' 
are all geometric, since p is. Therefore o- o p' is geometric for all a € X*{Z^), as desired. □ 

Returning to equation ([T]) on page [521 we see that the obstruction to geometric lifts then comes from 
Ext\X* {ZG)tor, Z). For any weight A e X*(f '^), there is an integer d eZ such that dA e X'iT"^) © X*(Z'^), 
so with a p as produced by Lemma [13.0.71 0p_, pairs integrally with dA for all l. We obtain a well-defined 
class, independent of the choice of p satisfying the conclusion of Lemma [T3.0.71 

a,0p,,>eQ/Z, 

which can also be interpreted as the common value modulo Z of the eigenvalues of ©r^op.i = Lie(r^) o 0^ ,; 
here, and in what follows, we denote by the irreducible representation of associated to the (dominant) 
weight A € X*{f^). This pairing factors through a map 

Exti(X*(ZG),Z)^Q/Z, 

which corresponds canonically to an element 9p^i of X*{ZG)tor- Here we use the fact that for any finite abelian 
group A, the long exact sequence associated to — > Z ^ Q ^ Q/Z yields an isomorphism 

Hom(A,Q/Z) ^ Ext^(A,Z). 
To make further progress, we need to assume that p satisfies certain Hodge-Tate weight symmetries. 

Hypothesis 13.0.8. Let H be a linear algebraic group and p: Tf ^ H{Q() a geometric Galois represen- 
tation with connected reductive algebraic monodromy group Hp = {p{Tp))^'"'. We formulate the following 
Hodge-Tate symmetry hypothesis for such a p: 



It is also implicit in the proof of l4.Q. 18l but a little warm-up with our notation is perhaps helfpul. 
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• Let r be any irreducible algebraic representation r: Hp ^ GL(y,-). Then: 

(1) For t: F Q^, the set HT^(r o p) depends only on tq - T\f^^^^. 

(2) Writing HT^^ for this set common to all t above tq, there exists an integer w such thaP^ 

UTroocir o p) = w - UTroir o p), 

for c the unique complex conjugation on Fcm- 

For p with not necessarily connected reductive monodromy group, the corresponding hypothesis is simply 
that some finite restriction (with connected algebraic monodromy group) of p satisfies the above. 

In particular, we note for later use that the lowest weight in WT^Qodr o p) is w minus the highest weight 
in WYro{r o p). We will see that to establish lifting results for geometric representations p: F/r — > G^{Q[), 
we will only need to know Hypothesis 1 1 3 .0. 8 1 for some easily identifiable finite collection of compositions 
r^ o p, A e X*{T^), but we do not make that explicit here. Most important, Hypothesis 113.0.81 should in fact 
be no additional restriction on p, because of the following co njec ture, which would follow from any version 
of the conjectural Fontaine-Mazur-Langlands correspondence lj 

Conjecture 13.0.9. Let F be a number field, and let p: Ff ^ GLjv(Q^) be an irreducible geometric Galois 
representation. Then: 

(1) Forr: F "-^ Q^, the set WIt{p) depends only on tq - T\f^^^^. (This will still hold if p is geometric but 
reducible.) 

(2) Writing HTt^ for this set common to all r above tq, there exists an integer w such that 

HTt-ooc(p) = w - HTt(,(p), 

for c the unique complex conjugation on Fcm- 

Unfortunately, for an abstract Galois representation, this conjecture will be extremely difficult to establish. 
The next lemma explains it in the automorphic case; for a motivic variant, see Corollary 1 1 6. 3 . 5 PI 

Lemma 13.0.10. Suppose p: Tf ^ GL/v(Q^) is an irreducible geometric representation. Assume Proposi- 
tion \6.2.4\ is unconditional for p (i.e., admit Hypothesis 16. 2. 21) . Ifp is automorphic in the sense of Conjecture 
12.0.751 corresponding to a cuspidal automorphic representation n ofGhi^{Af), then Conjecture US. 0. 9\ holds 
for p. 

Proof. This is immediate from the passage between infinity-types and Hodge-Tate weights. Conjecture 
I6.2.4[ and Clozel's archimedean purity lemma (which was proven as part of Proposition l7.0.14l) . □ 

We can now understand when geometric lifts ought to exist; the proof proceeds by reduction to the 
following key case: 

Proposition 13.0.11. Let F be a totally imaginary field, and let p: Tf G^(Q^) be a geometric represen- 
tation with algebraic monodromy group equal to the whole of G"^ . Assume p satisfies Hypothesis li 
Then p admits a geometric lift p'.Tp^ G^(Q^). 



72 

Interpreted in the obvious way. 

By 'any version,' we mean either the Galois/automorphic correspondence, or the Galois/motivic correspondence. 
^^But note for now that in the most basic motivic cases, where the Galois representation is given by H-'(Xj,Qf) for some 
smooth projective variety X/F, the Hodge-Tate symmetries are immediate (even when this representation is reducible) from the 
^-adic comparison isomorphism of |Fal89l . What is not obvious is that if this Galois representation decomposes, that the irreducible 
factors all satisfy the conjecture. 
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Proof. Choose a lift p as supplied by Lemma fl 3.0.71 Recall that our weight-bookkeeping is done within the 
diagram 



X'CZ"^) > X'iS'') > ExtHx*(ZG),Z) > 





We have the elements V* € X*(5'^)dualtoJ,w,- €X*(5). Their images in Ext^ (X* (Zg), Z) form a basis. Let 
be a (dominant weight) hft to X*(f ^) that also satisfies {Ai, djwj) = 5ij. Note that the value (0p,i, i;> € Q/Z 
does not depend on the choice of lift of v*, and it clearly lies in ■j'Lj'L, so we write it in the form -j- + Z for 
an integer By considering the geometric representation r^,^. o p, we find that ©r,, , op,( has eigenvalues 
that depend only on (by Lemma [10.1.31 see that lemma for the notation as well), and thus we can 
write krj in place of k^. (Equivalently, we can work with the elements 9p^r £ ^*{^G)tor-) These classes ^ 
mod Z serve as both highest and lowest r-labeled Hodge-Tate weights (modulo Z) for r^. o p; we deduce 
that, modulo J/Z, the highest and lowest r-labeled weights of r^.^. o p are both congruent to ^r,H 

Now, the geometric Galois representations (r^.^,) o p for / - 1, . . . , r are irreducible, because we have 
assumed that is the monodromy group of p. Applying Hypothesis 113.0.81 we deduce that kr depends 
only on tq - t\f^„,, along with the symmetry relation 

Ko,i + Kooci = Wi mod di 

for some integer w, (for all tq : Fan "-^ Qe)- 

This relation allows us, by Lemma 15.2.31 to find Galois characters i^,- : — > with HT^(i^,) e -j^ + Z 
for all T. We then form the twist p' := piYjiidiwO o tpj^); recall that {djWi,Aj) = Sij. This new lift is then 
geometric: 

(0p'„ Ai) = (0p,„ Ai) + (02(rf.,v)o^T',P = = ^ mod Z. 

J CI I CI I 

(Recall it suffices to check p' is Hodge-Tate, by Conrad's result, quoted here as Theorem l4.0.20l ) □ 

Corollary 13.0.12. Let p: Yf — > G^(Qf) be geometric with algebraic monodromy group ; maintain the 
notation of the previous proof but now suppose F is totally real. To determine whether p has a geometric 
lift, apply the following criterion: 

(1) Ignore any ifor which di is odd; these do not obstruct geometric lifting; 

(2) Then for fixed i the integers kjj mod di are all y translated by a two-torsion class in Z/diZ; 

(3) p has a geometric lift if and only if each of these classes k^-j ( or, equivalently, the associated two- 
torsion class) is independent ofr. 

More intrinsically, there is a geometric lift if and only if for varying t, the elements 9p^^ ( see page |5?1 ) in 
X*{ZQ)tor are independent of l. 

Note that all eigenvalues of 0,-,,op are congruent modulo Z; this does not imply that all elements of HTr(rd_j, op) are congruent 
modulo djZ, but this congruence does hold for the highest and lowest weights. 
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Proof. By the previous proof and Lemma [5.2.4[ p has a geometric lift if and only if the classes kr^i mod di 
(fixed /, varying r) are independent of t. The weight-symmetry relation becomes 2^7,- = w,- mod dj, and 
the claim follows easily. □ 

Over totally imaginary fields, we can now reduce the general lifting problem to the special case of full 
monodromy: 

Theorem 13.0.13. Let F be totally imaginary, and let p: Yp G'^{Q_f) be a geometric representation, with 
arbitrary image, satisfying Hypothesis \13.0.S\ Then p admits a geometric lift p: Yp G^(Q^). 

Proof. We first show that this holds iiH := p(Yf)^"'^ c is connected. In that case, let H' be the preimage 
in of H. Then H' ^ H is a. surjection of connected reductive groups with central torus kernel, so we can 
apply Proposition [13JJJJ to find a geometric lift p-.Yp^ ^'(Qf) c G'^(Q(). 

For arbitrary p, let F' /F be a finite extension such that piYf) =: H is connected. Over F', we can 
therefore find a geometric lift pf : Yf H'{Q{) c (5^(Qf), letting H' as before denote the preimage of H 
in (5^. Thus, for anj lift po : Yf G^(Qf) of plr^, , there exists a character i/i-: Yf 5^(Qf) such thatpo-i^ 
is geometric. In particular, letting p: ^ G^(Qf) be any lift over F itself, there is a ij/f : Yf ^^(Q^) 
such that plr^, • ipf is geometric. But by Corollary l5.2.3[ there is a Galois character ^: Yf —> S'^iQc) whose 
labeled Hodge-Tate-Sen weights descend those of iJ/f. It follows immediately that p - Yf ^ G^(Q^) is a 
geometric lift of p. □ 

Remark 13.0.14. (1) We can replace G^ G^ with any surjection n: H' -» H of linear algebraic 
groups with central torus kernel: n induces an isomorphism on unipotent parts, so we may assume 
the groups are reductive (Conrad has exploited this reduction in the arguments of BConllll ). and the 
proof of Theorem 113.0. 1 31 makes no reference to connectedness of the ambient group H. 
(2) The theorem also lets us make explicit precisely which sets of labeled Hodge-Tate weights can be 
achieved in a geometric lift p. We will exploit this in ^T71 

There is an analogous result for F totally real, with hypotheses as in Corollary 113.0.121 That result lets 
us immediately phrase a lifting criterion in terms of p and its algebraic monodromy group, but here we 
establish, in parallel with Proposition 112.3. 3[ a criterion that only depends on the ambient group, not the 
actual image of p. Recall that for each l: Cf^, we have the pairing 

<0p„->:X'(f^)^Q/Z, 

factoring through Ext^ {X*{Zg) tor, '^)- 

Corollary 13.0.15. Let F be totally real, and let p: Yf ^ H{Qg) be a geometric representation with 
algebraic monodromy group Hp c H. Let //^ c H^ denote the corresponding connected components of the 
identity, with maximal tori Tp c Th, and their preimages T'p c T'^ inside H' . Then p has a geometric lift to 
H' if and only if the pairing (which depends only on tJ Op^r, - (®p,i> ') independent ofr^ : F,, Q^. 

Proof. First suppose that Hp is connected, in which case we may assume H is also connected. Of course, p 
has a geometric lift to H' if and only if it has a geometric lift to H'p. By Corollary 113.0.121 this holds if and 
only if the pairing 

<0p„->:x'(r;)^Q/z, 

which depends only on T;, is independent of i. But the diagram 



X\T'^)^^X\T'p) 




is commutative|3 so we can just as well phrase this as independence of t (or r^) of the maps X*(r^) — > Q/Z. 
In the non-connected case, we argue as in Theorem ll3.0.13t if, after a base-change to connected monodromy 
group, these pairings are independent of t, then we can find a twisting character that (up to finite order) 
descends to F itself. □ 

The method of proof of Proposition 1 13.0.1 H and Theorem 1 1 3 . 0. 1 3 1 also implies the following local result, 
which emerged from a conversation with Brian Conrad. A proof of a more difficult result, where F,, is 
replaced by a p-a.&ic field with algebraically closed residue field, will appear in §3.6 of liCCQ12l . 

Corollary 13.0.16. Let H' -» H be a central torus quotient, and let p : F/r H{Q[) be a Hodge-Tate 
representation ofYf^_, for Fy/Q^ finite. Then there exists a Hodge-Tate lift p : Ff^ H'. 

Proof. We sketch a proof, replacing appeal to Hypothesis 113.0.81 and the existence of certain Hecke char- 
acters by the simpler observation that local class field theory lets us find the necessary twisting characters 
Yp, — > by hand. That is, Of^ sits in if in finite index, and on the former we can define the character 

x^ Fl 

for any integers kr, then up to a finite-order character we take a d'^^ root for an integer d to build (having 
extended to all of Tf^,) characters with any prescribed set of rational r-labeled Hodge-Tate weights (t running 
over all Fy ^ Q^). This observation suffices (invoking Lemma [10.1.3 1 in the full generality of Hodge-Tate, 
rather than merely de Rham, representations) for the previous arguments to carry through. □ 

14. Applications: comparing the automorphic and Galois formalisms 

In ^T3l we took the Fontaine-Mazur-Langlands conjecture (or rather its weakened form Hypothesis 
113.0.81 ) relating geometric Galois representations Tf GL„(Q^) to L-algebraic automorphic representa- 
tions of GL„(A/r) as input to establish some of our lifting results. Now we want to apply these lifting results 
to give some evidence for the relationship between automorphic forms and Galois representations on groups 
other than GL„. We will touch on the Buzzard-Gee conjecture, certain cases of the converse problem, and 
some general thoughts about comparing descent problems on the (^-adic) Galois and automorphic sides. We 
first digress to discuss what 'automorphy' of an ^G(Qf)-valued representation even means. 

14.1. Notions of automorphy. As usual we have fixed ioo : Q C and i^: Q Q^. It is sometimes 
more convenient simply to fix an isomorphism tf_oo : C Q^, and to regard Q as the subfield of algebraic 
numbers in C. G/F is a connected reductive group, and we take a Q-form of the L-group ^G. For an 
automorphic representation n of G{Af) and p: Tp ^ ^G(Q^), always assumed continuous and composing 
with Ff-projection to the identity, there are (at least) four relations between such p and n that might be 
helpful, of which only the first two can be stated unconditionally. First we describe analogues that restrict 
to either the automorphic or Galois side, borrowing some ideas from |Lap99[ (and, inevitably, IILL79II ). For 
automorphic representations n and n' of G{Af), three notions of similarity are: 

• n ~w ^' if almost everywhere locally, the (unramified, say) L-parameters are G^(C)-conjugate. 

• ^ ~w,oo ^' if almost everywhere locally, and at infinity, the L-parameters are conjugate. This also 
makes sense unconditionally, since archimedean local Langlands is known. 

• n ~ew ^' if everywhere locally, the L-parameters are G^(C)-conjugate; this only makes sense if one 
knows the local Langlands conjecture for G. 

• n ~s n' is the most fanciful condition: if the conjectural automorphic Langlands group exists, so 
n and n' give rise to representations ^G(C), then this condition requires these representations 
to be globally G^(C)-conjugate. 



'Both maps are induced by differentiation, i.e. the functor Lie. 
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A fifth notion would compare L-parameters in a particular finite-dimensional representation of . 

We can unconditionally make the same sort of comparisons between f-adic Galois representations, writ- 
ing p ~vr p', P ~vv,oo p' , p ~ew p' , and p ~s p' ■ By equivalence 'at infinity' here, we mean that at real places 
the actions of complex conjugation are conjugate, and at places above £, the associated Sen operators (i.e. 
labeled Hodge-Tate data) are conjugate. It is also probably prudent to take 'frobenius semi-simplification' 
in these definitions of local equivalence. For some nice examples, Lapid's paper ([Lap99|) studies the dif- 
ference between ~„, and ~s for certain Artin representations (and, when possible, the con^esponding 
comparison on the automorphic side). 

We then have corresponding ways to relate an ^-adic p and an automorphic n\ 



First, write p ~». n if for almost all unramified v (for p and tt), p|^^ is G^(Q^)-conjugate to recv(7rv) : Wf,, — > 

G^(C) x Yj!\ implicit is the assumption that the local parameter lands in G^(Q) x F^ , so that we can apply 
L[ o Q^. Note that this definition does not distinguish between n and other elements of its (conjectural) 
global L-packet L{n). The other relations are straightforward modifications (for compatibility with complex 
conjugation, we take the condition in Conjecture 3.2.1 of BBGlOll ). except for p ~s n. Writing Qf,e{o-) for 
the motivic Galois group for motivej^ver F with ^-coefficients, using a Betti realization via cr: F C, 
one might hope that after fixing £" C as well, one would obtain a map of pro-reductive groups over C, 
-Cf i0F,E){c) '^E C. If n corresponds to a representation rec(7r) of Xf, and p arises from (completing at 
some finite place of E) a representation p£ of Qf,e{o-), it makes sense to ask whether rec(7r) factors through 
&f,e{o-){C), and whether the resulting representation is globally G^(C)-conjugate to (the complexification 
via E "-^ C of) pe- This all sounds terribly idle, but it does provide context for the basic problems raised in 
Question 1 1 .0. 1 01 and Conjecture 1 1.0.12[ as well as the work of ^TTl 

Although we don't actually require it, it is helpful to keep in mind a basic lemma of Steinberg, which 
implies that ~w can be checked by checking in all finite-dimensional representations: 

Lemma 14.1.1. Let x andy be two semi-simple elements of a connected reductive group over an alge- 
braically closed field of characteristic zero. If x and y are conjugate in every (irreducible) representation of 
G^, or even merely have the same trace, then they are in fact conjugate in G^ . 

Proof. For semi-simple groups, this is Corollary 3 (to Theorem 2) in Chapter 3 of IISte74l ; the proof extends 
to the reductive case (and even more generally, see Proposition 6.7 of IIBor79l ). The key point is that the 
characters of finite-dimensional representations of G^ restrict to a basis of the ring of Weyl-invariant regular 
functions on a maximal torus; these in turn separate conjugacy classes in the torus. □ 

14.2. Automorphy of projective representations. 



Throughout this section, we assume the Fontaine-Mazur-Langlands conjecture on automorphy of geomet- 
ric (GLAT-valued) representations. It suffices to take a version that matches unramified (almost everywhere) 
and Hodge-theoretic parameters: given a geometric p : F^ ^ GLj^{Q_(), assume there exists an isobaric 
automorphic representation n of GLa?(Af) such that p ~w,oo tt, where we can moreover forget about the 
comparison of complex conjugations. We require that cuspidality is equivalent to irreducibility under this 
correspondence; this follows from properties of automorphic L-functions if we assume the correspondence 
in both directions for all A'^. 



• P ~w,oo 71 



• P~ewn 

• p ~, TT 




Either for absolutely Hodge cycles, for motivated cycles, or, assuming the standard conjectures, for homological cycles. 
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Corollary 14.2.1. Let F be totally imaginary. Then any geometric p: Tf ^ PGL„(Q^) is weakly auto- 
morphic, i.e. there exists an L-algebraic automorphic representation n of SL„{Af) such that p ~w,oo n (or 
p ~ew n, if we assume a form of Fontaine-Langlands-Mazur that matches local factors everywhere). 

Proof. We have seen that p hfts to a geometric p: Yp ^ GL„(Q^), which by assumption is automorphic, 
corresponding to some n on GL„/F. The irreducible constituents of 7r|sL„(Af ) form a global L-packet whose 
local unramified parameters correspond to those of p. □ 

We now give descent arguments that extend this automorphy result to F totally real. First we need a 
couple of elementary lemmas. 

Lemma 14.2.2. Let LI F be a cyclic, degree d, extension of number fields, with cr a generator ofGal{L/F). 
Let X be a Hecke character ofL, and let S be any Hecke character whose restriction toCpcCiis6 = Sl/p, 
a fixed order d character that cuts out the extension L/F. Assume that x^^"^^'"^"^ ' - 1- Then for a unique 
integer i = 0, . . . ,d — I, x^' i^ of the form tfr"'~^ for a Hecke character if/ of L. 

Proof. We may assume x is unitary. Write as usual for the Pontryagin dual of a locally compact abelian 
group C. We have the following exact sequences: 



dualizing to 



Gal(L/F) 



-^Cp 



Nl/f 



Cl 



1 f- 



Gal(L/F)° 



0--1 



Nl/f 



By assumption, Np/F ° re six) - 1, so re six) = ^ ' ^ Gal(L/F)^ for some integer /, unique modulo d. Then 
resins') = 1, and we are done by exactness of the horizontal diagram. □ 

We need a special case of an ^-adic analogue of the remark after Statement A of llLR98l PI that remark is 
in turn the (much easier) analogue, for complex representations of the Weil group, of the main result of their 
paper. We first record the simple case that we need, and then out of independent interest we prove a general 
i-adic analogue of the Lapid-Rogawski result. 



'In the proof of Corollarv ll4.2.5l below. we could replace appeal to this lemma by simply citing Statement B of ILR98I . 
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Lemma 14.2.3. Let L/F be a quadratic CM extension of a totally real field F, with a ^ Tp generating 
Gal(L/F) Suppose ip'.Ti — > is a Galois character such that 0"^"°" is geometric. Then there exists a 
unitary, type A Hecke character ijj ofL such that is the type Aq Hecke character associated to 1^'"°". 

Proof. Write (0-^^°")a for the Hecke character associated to ip^~"'. By the previous lemma, it suffices to 
check that (iA'~'^)a is trivial on Cp c Cl- If a finite place v of L is split over a place Vf of F, and unramified 
for if/, then for a uniformizer of F,,^ (embedded into the L^, and La-v components of A^, 

//l-cr\ / \ ;l-o-//- \7i-cr/r \ 'Pif''v) ^iffcrv) , 

{ip' '^)p,{m,„m,) = ip' '^(/rvOiA ifro-x) = ^r-- • ^r—— = 1- 

Similarly for v inert, {^^~"')x{tu^) = ^f^^^^'^'^-i^ = 1- The Hecke character (0''"°^)Alcf is therefore trivial. To 
see that we may choose tp to be unitary and type A, we invoke Corollary 15. 1.81 decomposing tp as in that 
result, both the | • 1^" and 'Maass' components descend to the totally real subfield F, so dividing out by them 
yields a new ip, now unitary type A, and with i/^'""" unchanged. □ 

Lemma 14.2.4. Let L/F be cyclic of degree d, with cr eYp restricting to a generator ofGal{L/F). Suppose 
p: Ti ^ GL„(Q^) is an irreducible continuous representation satisfying p°" = p ■ x for some character 

— X 

X' Fz, — > Q^. Suppose further that x i^^ geometric (in particular, this holds if p is geometric), necessarily 
of weight zero, so we may regard it as a character x A = Y\we\L\Xw' Cl C^. Then the (finite-order) 
restriction ofxA to Cf c Cl cannot factor through a non-trivial character o/Gal(L/F). 

Proof. Iterating the relation p°" = p we obtain p = p . \ so that;^'^^""'*^ -^'^'' ' is finite-order. 
Each of the characters x""' has some common weight w, so J • w = 0, and thus w = 0. Moreover, writing as 
usual for the algebraic parameter of;^'^. (with respect to a choice l^: L "-^ C representing the place w), 
we have ^ p^^^, = as ranges over a Gal(L/F)-orbit of such embeddings. If L has a real embedding, then 

X has finite-order, and the passage from x '■ ~* Qe to xa : Cl — > is simply via the reciprocity map 
Cl r^^H In particular, x{x) - Xa{x') for any representative x' in Cl of the image of x in Vj^. If on the 
other hand L is totally imaginary, then continuing to write x' = (jc^)we|L| , we have 



r: Lh.' 



If we further assume that the representative x' can be chosen in Cf c Cl, with elements x'^ € F^ giving rise 
to all x'^^, for w\v, then we can rewrite 



n n 



T«.)"'-''" 



as 

n n n'<<)=n n ^'<>' 

The last equality follows since x^^"'^'"^"'' ' is finite-order, and we are summing p,* ^(f) over a full Gal(L/F)- 
orbit. A similar argument shows that 

»ioo 

We conclude that in this case (x' e Cf),x{x) can be computed simply as;^'A(-'c')- 



Throughout this argument we implicitly use our fixed embeddings L[,i.^, but omit any reference to them for notational 
simplicity. 
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Let V be the space on which p acts. Then the isomorphism p"" ^ p ■ x yields an operator A e Aut(y) 
satisfying Ap°" = p • x^- Fix g € Yi, and for any x e F^, we compute 

tr(p(g)A) - tr(p"(x)p(g)Ap-(x)-i) 

= ti(p''{x)p{g)p{x-')x{x-')A) 

= X{x-')tv{pCxgx-')A). 

(Here '^x - crxcr~^.) So, if we can find an x € F^, such that °"xgx~' = g and;t'(x~') ?t 1, then we will have 
ti{p{g)A) = 0. Doing this for all g e Tl, we see that by Schur's Lemma p cannot be irreducible, else A = 0. 
Now, y = g~^o- € Yp satisfies ""ygy'^ = g, so x = y'^ e Yl does as well. It suffices to show that if;t'lcF 
cuts out the extension L/F, then;^f(x) t I. In fact, the image of x in F^^ lies in the image of the transfer 
Ver: Yf Yf. Explicitly, 

d-l 

YQT(y) = Y](T\g~'cTmcTY'ay\ 

i=0 

where 0: Ff ^ {cr')i=o,...,rf-i records the representative of the F^-coset of an element of Ff . It is then easily 
seeiS that 

VerCj) - (g-'crf = x, 

so by class field theory x € F^^ is represented by an element x' of Cf c Cl under the reciprocity map rec^. 
This element is a generator of Cp/Nl/fCl, since y lifts a generator of Gal(L/7^), and thus;t'(-'^) = Xa(x') 1 
if A^aIcf factors through a non-trivial character of Gal(L/f ). □ 

Finally we can (conditionally) prove automorphy of geometric projective representations over totally real 
fields. 

Corollary 14.2.5. Let F be totally real. Assume Fontaine-Mazur-Langlands. Then for any geometric 
p: Yp ^ PGL„(Q^), there exists an L-algebraic n on SL„/F such that p ~vy n. 

Proof. We will first treat the case of p having irreducible lifts to GL„(Qf). Choose a lift p with finite-order 
determinant, a CM quadratic extension L/F, and, by Theorem 1 13. 0.111 a Galois character i^: F^ ^ such 
that plr^ ■ tf/^^ is geometric. Let n be the cuspidal automorphic representation of GL„{Al) corresponding 
to this geometric twist. Write cr for the nontrivial element of Gal(L/F), so that n"' = k ■ x where x is the 
Hecke character corresponding to the geometric Galois character tp^~"'. Appealing either to Lemma [l4.2.3l 
or Lemma [14.2.41 we can write = for a unitary type A Hecke character t//. Then n ■ is cr-invariant, 
and by cyclic (prime degree) descent, there is a cuspidal representation k of GL„(Af ) whose base-change 
is n ■ tf/. We want to compare the projectivization of the unramified parameters of k with the unramified 
restrictions plr^,, . 

To do so, we repeat the argument but instead with infinitely many (disjoint) quadratic CM extensions 
Li/F, showing that in all cases the descent n to GL„(Af ) gives an L-packet on SL„/F that is independent 
of the field L,-. p is still a fixed lift with finite-order determinant, and we can write, for each t: F Q{, 
YYYt(p) € ^ -F Z for some integer k-r, which we fix (rather than just its congruence class mod n). For some 
integer w, we have the purity relation 2kr = w mod n, as follows, for instance, from (geometric) liftability 
after a CM base-changej^as with k-^, we fix an actual integer w, not just the congruence class. Now, for each 
such T, let ( : F C be the archimedean embedding associated via Lco,L(; (elsewhere denoted l*^ ^(t))- For 

each Li, fix an embedding t(/) : Lj ^ extending r, so that the other extension is t(J) o c. Likewise write 

^''Note that (f>(a^'^ g^' cr) = 1, while otherwise (^(cr'g^'o-) = 0-'+'. 
After such a base-change L/F, the character ifi twisting p to a geometric representation will have Hodge-Tate-Sen weights 
congruent to ^ 6 Q/Z at both embeddings L ^ Q[ above t; the integer w is then the weight of the Hecke character associated to 
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L{i) and L{i) o c = t(/) for the corresponding complex embeddings. We can then construct Galois characters 

— X 

: Qi such that 

HT,(o(0'/) - - 
n 

W - kr 

HTT-(,)oc(tAi) ^ , 

n 

such that plr^ • is geometric, corresponding to an L-algebraic cuspidal tt, on GL„/L,-. As before, we find 

a Hecke character i/', of L,- such that is the type Aq Hecke character associated to here we write 

o", for the non-trivial element of Gal(L, /F), but of course all the cr, are just induced by complex conjugation. 
Again, for all / we find cuspidal automorphic representations nt of GL„(Af ) such that BCz„/f (tt;) = nt ■ ij/i. 
Restricting to composites LjLj, we have the comparison 



and thus 



so finally 



If the character ^ • ^ is finite-order- in the next paragraph, we check that we may assume this- it cuts out 

a cyclic extension L'/L,Ly, and we have BCl'Ctt,) = BClK^;)- L' IF is solvable, however, so the characteri- 
zation of the fibers of solvable base-change in | Raj02[ implies that tt,- and nj are twist-equivalent, hence that 



7r,|sL„(Af) and 7rylsL„(A;r) define the same L-packet on Sh„/F. Let us denote by ttq any representative of this 
global L-packet. Now consider places v of F that are split in a given Lj/F. The semi-simple part pifryY^ is 
equal (in PGL„(Qf)) to (p^'^ifrw)^ for any w|v, and this is conjugate in GL„(Qf) to i^^o {r:ec„{n„){Jr„)), 
whose projectivization lies in the same PGL„(Q^)-conjugacy class as oo {reCy{nQ^^){f Vy)). This verifies 
that for all such v, pifryY^ is PGL„(Q^)-conjugate to oo {reCy{7TQ^y){f ry)). Varying L,/F, and remember- 
ing that 7Tq is independent of this variation, we get the same result for all v split in any single quadratic 
CM extension Lj/F (we have to throw out a finite number of such L, to ensure our representations remain 
cuspidal/irreducible), we conclude that p ~„ n. 

To finish the proof, we must check that ^ • ^ may indeed be assumed finite-order. First, recall that each 

t^i may be taken unitary and type A; in this case, the infinity-type is determined by the relation tfr]~"'' = ^]~'^' ■ 
Explicitly (using the above notation for the various embeddings), corresponds to a Hecke character of 
Li with infinity-type 

rec,,)(^,"):z^z^^r-^%El 

so 

reci(,-)(i/'^. '): z " z •• ■ 
(Recall that 2kr = w mod n.) We then have, under our assumptions, 

2kT-w 

rec,(,)(i/r;): ^ ^ ^j^ 



Here j- restricted to r^.^ , is geometric, so we abusively write this for the associated Hecke character as well. 
Of course, z here means i(i)(z), etc. 
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Of course, rec,(,)oc is the same but with 



W-2kr 



in the exponent. To make the parameter comparison after 



n 



restriction to a composite LjLj, we use the following notation for embeddings of L/Lj into and C, lying 
above the given t and r. 



We then have the conjugate embeddings T[ o c, etc. Computing the Tj--labeled weights of y-, and translating 

them to the infinity-type at the place corresponding to l^, with as the chosen isomorphism L;Ly C, we 
then find 



We conclude that ^ • ^ is, with our normalization of the in fact finite-order, and the proposition follows. 

Finally, we quickly treat the case of general p, having reducible lifts. If p as above decomposes p = ®'Jl^Pi, 
say with p,- of dimension n,, geometricity of p implies that over any CM LjF the same Galois character ij/ 
twists pi, for all /, to a geometric representation. We can therefore use, for all /, the same Hecke character 
ifj such that (/^'~°" = . As above, we invoke automorphy of Pi^~^, and, twisting by ifj, descend to a 
cuspidal automorphic representation IT, of GL„./F. The same local check (for v split in L/F) as above, but 
now crucially relying on the fact that if/ and ^ were independent of /, shows p{fr^,) is PGL„(Q^)-conjugate 



By a similar argument, we can 'construct' the Galois representations (assuming of course the GL^r cor- 
respondence) associated to (tempered) L-algebraic n on SL„/F for F CIvSor totally real. By Proposition 
112.3.11 we are reduced to the case of F totally real. 

Proposition 14.2.6. Continue to assume Fontaine-Mazur-Langlands. Let F be a totally real field, and let 
n he an L-algebraic cuspidal automorphic representation of SL„{Af). Assume that tToo is tempered. Then 
there exists a (not necessarily unique) projective representation p'.Yp^ PGL„(Q^) satisfying p ~w tt. 

Proof. By Proposition ! 12.3.31 there exists a IV-algebraic cuspidal (and tempered at oo) n on GL„/F lifting n. 
For all but finitely many quadratic CM L/F, we can find a type A Hecke character tA such that BCl/f(^) • ip is 
L-algebraic and cuspidal on GL„/L, hence corresponds to an irreducible geometric representation Pl'-^l^ 
GL„(Q^). Conjugating, we find p'^ = pi ■ {\fj"''^), the twist being by the geometric character associated to 
the type Aq Hecke character We wish to write ;f' = (iff"'^^) in the form ^""'^ for some Galois character 
Fi — > (reversing the process in Corollary 114.2.51 ). Once this is managed, we have (p^ • ^~^) is cr- 
invariant, hence descends to p : F/r — > PGL„(Q^). Arguing as in Corollary 1 14. 2. 5 1 we find that this projective 



Ti extends t(0 and t(j), 
T2 extends t(/) and T(j) o c, 
Li extends L{i) and t(j), 
t2 extends i(i) and t(j) o c. 




whereas 





□ 



Or imaginary, assuming Coniecture l6.2.4l 
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descent is independent of L/F, and, again as in that proof, by varying L/F we obtain the compatibility 

P ~w^- 

To construct tf/, we take as first approximation a Galois character ip such that ip^ equals (tA^) up to a 
finite-order character ;ifo; recall that ip^ is type Aq, so we can attach the Galois character (tfr^). Then 

(r-'f = iff-' = (OA^kor' -fxr'^ 

and consequently x agrees with tf/°'~^ up to a finite-order character. Twisting pt, we may therefore assume 
that;^' has finite-order. It still satisfies = 1, so invoking Lemma [14.2.21 and (a simple case of) Lemma 
114.2.41 we find a finite-order Hecke chai'acterPI which may therefore be directly regarded as a Galois char- 
acter, that casts x in the desired form. □ 

Here is another example comparing the Tannakian formalisms: 

Proposition 14.2.7. Continue to assume Fontaine-Langlands-Mazur and, in the totally imaginary but non- 
CM case, Conjecture \6.2.4\ Let H be a cuspidal L-algebraic representation ofGh„{Af), and suppose that 
pn - Pi ® P2, where pi : Yp GL„_(Q^). Then there exist cuspidal automorphic representations nj of 
GL„,.(Af) such that H = jt2. 

Remark 14.2.8. As the examples in ^show, sometimes the tt, cannot be taken L-algebraic. Nevertheless, 
by Proposition 17.0. 14l they can always be taken IV-algebraic. 

Proof. First suppose F is totally imaginary. For all v\{, the fact that pilr,r,, ® P2lr,7, is de Rham implies that 
locally these F^,, -representations are twists of de Rham representations. To see this, we apply Corollary 
I13.0.16l (to find a Hodge-Tate Uft) and Theorem |H20] (to find a de Rham lift, given that a Hodge-Tate lift 

exists) to the lifting problem (with central torus kernel) GL„, x GL„2 — > G„|_„2 c GL„,„2, where Gn^^n2 
denotes the image of the tensor product map. In particular, the projectivizations of the pilr^, are de Rham, 
so the global projective representations p,- : Tf PGL„;(Q^) are geometric. We know that these geometric 
projective representations have geometric lifts, and we may therefore assume our original p, were in fact 
geometric. They then correspond to L-algebraic tt,-, and we have II = 7T2. 

For F totally reaQ. we perform a descent similar to previous arguments. Restricting to CM L/F, we find 
a Galois character iff such that pi • i^"^ and p2 • iff are geometric, corresponding to L-algebraic cuspidal ;r,- 
on GL„./L. Writing = for a Hecke character iff, we find ki ■ iff and 7:2 ■ ip"^ are cr-invariant, so 
descend to cuspidal representations tt,- of GL„,/F. Since BCi/fill) = BCl/f{^i ^^2), we deduce that H and 
Tfi El 7f2 are twist-equivalent, from which the result follows. □ 

These examples (and, for instance. Corollary 19.2.61 ) motivate a comparison of the images of r: 
on the automorphic and Galois sides, when r is an L-morphism with central kernel. The most optimistic 
expectation (for H and G quasi-split) is that if ker(r) is a central torus, then the two descent problems for 
(L-algebraic) If and (geometric) pn are equivalent; whereas if ker(r) is disconnected, there is an obstruction 
to the comparison, that nevertheless can be killed after a finite base-change. If G is not GL„/F, then one 
will have to decide whether weak equivalence (n ~w p) suffices to connect the descent problems, or whether 
some stronger link (the mysterious n ~i p) must be postulated. 



Writing^ - tjf^^ where the infinity-components of 4f have the form z''?, we see z''"'?"'' is the corresponding component 
of hence that p = q ai each infinite place. Twisting tf/ by the base-change of a character of the totally real field F, we can then 
assume it is finite-order. 

^^I systematically ignore the case of F neither totally real nor totally imaginary; this is silly, but as here the non-totally real case 
can be treated by replacing 'take L/F CM' by 'take L/F imaginary quadratic' 
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15. MONODROMY OF ABSTRACT GaLOIS REPRESENTATIONS 



In this section we discuss some general results about monodromy of /'-adic Galois representations. Much 
of the richness of this subject comes from its blending of two kinds of representation theories, that of 
finite groups, and that of connected reductive algebraic groups. We will see (Proposition 115.1.11 ) that the 
basic lifting result (Proposition 14.0. 181) allows us to some extent to understand how these two representation 
theories interact. In 915.2l we develop more refined results in the 'Lie-multiplicity-free' case (see Definition 
115.2.11 ): this situation encapsulates the essential difficulties of independence-of-^ questions (such questions 
being trivial for Artin representations). 

15.1. A general decomposition. The following result is a simple variant of a result of Katz (Proposition 
1 of |Kat87|), which he proves for lisse sheaves on affine curves over finite fields. We can replace Katz's 
appeal to the Lef schetz affine theorem by Proposition 14.0.181 

Proposition 15.1.1. Let p: Yp GLq (V) be an irreducible representation of dimension n. Then either pis 
induced, or there exists d\n, a Lie irreducible representation r of dimension n/d, and an Artin representation 
OJ of dimension d such that p = t ®oj. Consequently, any (irreducible) p can be written in the form 

p = Ind£(T ® oj) 

for some finite L/F and irreducible representations t and co ofYi, with t Lie-irreducible and o) Artin. 

Proof. Let Q denote the algebraic monodromy group of p, with 0^ the connected component of the identity. 
Abusively writing p for the representation Q GL(V), we may assume p\go is isotypic (else p is induced, 
and we are done). If p\go is irreducible, then p itself is Lie-irreducible, so again we are done. Therefore, we 
may assume that p\go = t®"^ for some d >2, with tq an irreducible representation of and consequently a 

Lie-irreducible representation of F^, for any L/F sufficiently large that p(Fi) c ^"(Qf). Since the irreducible 
Fi-representation tq is F^-invariant, it extends to a projective representation of Yf. By the basic lifting 
result (Proposition 14.0. 18] ). this projective representation lifts to an honest Ff-representation ti, so for some 
character x'-Yl^Q^, 

Ir, = Pir. ^X- 

The character a := det(p)/ det(T®'^) of Yp has F^-restriction equal to x''\ and over F itself we can find 
characters ai,ao: F^ — > Q^, with ao finite-order, such that a = a"ao. Then (^ailrj" = {a~^a")\rL = 
ffg V^, and replacing ti by ti ® ai, and L by a finite extension trivializing ao, we find a Lie-irreducible 
representation t of Yp and a finite extension L of F such that t^'^'Ifl - pIfl- The F/r-representation 

OJ :- Homr^ (t,p). 

is therefore a (i-dimensional Artin representationFI and the natural map t^co ^ p (i.e. v ® i-^ 0(v)) is an 
isomorphism of F^ -representations. □ 

Corollary 15.1.2. Let p:Yp^ GLq (V) be a semi-simple representation (not necessarily irreducible), 
and suppose that p is Lie-isotypic, i.e. for all F' /F sufficiently large, plr^, is isotypic. Then there exists a 
Lie-irreducible representation t and an Artin representation (possibly reducible) oj, both ofYp, such that 

p = T ®CjJ. 

Proof. Decompose p into irreducible Ff-representations as ®jP,-. Each p,- is Lie-isotypic: there exists LjF 
and integers such that pi|r^ = t®'"' for all /, where tq is a Lie-irreducible representation independent of /. 
By the argument of the previous proposition, after possibly enlarging L we find a F77-representation t whose 



As Fl -representation, o) = Homr^CTlr^, tI^^ = . 
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restriction to L is isomorphic to tq, and then there are Artin representations of Yf such that t® coi = pj. 
Consequently, 

r 

1 

□ 

Remark 15.1.3. • In general, the field L in Proposition 1 1 5 . 1 . 1 l is not unique, even up to r^-conjugacy. 
Examples of such non-uniqueness should not arise in the Lie-multiplicity free case (see S15.2I ). 
but there are easy examples of this from the representation theory of finite groups. Consider, for 
instance, the quaternion group Qg, = {±l,±i,±j,±k]. The (unique) irreducible two-dimensional 
representation of Qg can be written in the form Ind^^^iE^), where (x) denotes one of the subgroups 
generated by /, j, or k, and is a generator of the character group of (x). None of these subgroups is 
conjugate to any of the others It would be interesting to achieve a more systematic understanding 
of these ambiguities. 

• These structure theorems for Galois representations should have an analogue on the automorphic 
side. In fact, Tate has shown (2.2.3 of IITat79ll ) the analogue of Proposition 115. Ol f or representations 
of the Weil group Wp, where it takes the particularly simple form that any irreducible, non-induced 
p: Wf GL„(C) is isomorphic to oj where oj is an Artin representation and;^: Wp — > is a 
character. A basic question is whether we should expect Proposition 1 1 5 . 1 . 1 1 to hold for 'representa- 
tions of Xf .' If we had the formalism of Xf , then to carry out the argument of the proposition with 
complex representations of Xf in place of ^-adic representations of Ff requires two ingredients: 

- That a homomorphism Xf PGL„(C) lifts to a homomorphism Xf — > GL„(C); but this 
is 'implied' by Proposition 112.2.21 I should mention in this respect the theorem of Labesse 
( IILab85ll ). which establishes the analogue for lifting homomorphisms Wf — > across surjec- 
tions ^G with central torus kernel. 

- That the analogue of the character a in the proof of Proposition 115.1.11 can be written as a 
finite-order twist oq of the n"^ power of a character a\. This is not automatic, as it is for {- 
adic characters, but in this case we can exploit Lemma 15.1.91 which applies to the a of the 
Proposition, since there the restriction to L is (continuing with the notation of the Proposition) 

This discussion motivates the following conjecture, whose formulation of course requires assuming 
deep cases of functoriality: 

Conjecture 15.1.4. Let n be a cuspidal automorphic representation of GLf,{Af); assume n is not 
automorphically induced from any L/F. Then there exist cuspidal automorphic representations r 
and CO of respectively, GLrf(A/r) and GL„/rf(Af ) such that n = rmo), with the following properties: 

— for all finite extensions L/F, the base-change BCi/fir) remains cuspidal; 

— for some finite extension L/F, BCl/p{co) is isomorphic to the isobaric sum ofn/d copies of the 
trivial representation. 

15.2. Lie-multiplicity-free representations. In this section, we focus on the cases antithetical to that of 
Artin representations, putting ourselves in the following situation. Let 

be a (semi-simple, continuous) compatible system of £-adic representations of the Galois group of a number 
field F. Write V( for the space on which pc acts. 



Although these groups are not conjugate, they are related by (outer) automorphisms of Qg, but applying outer automorphisms 
in this fashion will not in general preserve an irreducible induced character: consider the principal series of GL2(Fp) and the outer 
automorphism of A i . 

66 



Definition 15.2.1. We say that Wi is Lie-multiplicity free if after any finite restriction LjF , V/lr^ is multiplicity- 
free. Equivalently, 

limEndQ^j^^^(Vf) 

LIF 

is commutative. To save breath, we will often abbreviate 'Lie-multiplicity-free' to 'LMF.' 

Cases to keep in mind are that are regular, or of the form H^{Ap, Q^) where A/F is an abelian variety 
with commutative End^{Ap) (by Faltings' proof of the Tate conjecture). Elementary representation theory 
yields: 

Lemma 15.2.2. (1) Suppose V{ is irreducible. Then V{ is LMF if and only if it can be written 

Vt = Ind[,(W^S 

for some Lie-irreducible (^[-representation Wf of Tie, all of whose Tp-conjugates remain distinct 
after any finite restriction. 



(2) Let Wf be an irreducible representation ofTi, and assume that Wi = Indf (Wf) is LMF. Then Vg is 



irreducible. 

Proof. For (1), restrict to a finite-index subgroup of Tf over which V( decomposes into a direct sum of 
Lie-irreducible representations; take one such factor, and consider its stabilizer in Tf- Ve is then induced 
from this subgroup. For (2), Mackey theory implies we need to check that WdgY^g-inTt ^^'^ ^S^i^^grtg^'rirt 
are disjoint for all g e Tf - Tf. These two representations occur as distinct factors in the ^^IgrLg 'nrL' 
they are disjoint since Vc is LMF. □ 

For general (possibly reducible) LMF representations, there is a decomposition into a sum of terms as 
in the lemma. If V( belongs to a compatible system, we expect that the number of such factors should 
be independent of £; this is an extremely difficult problem (unlike the corresponding question for Artin 
representations). Instead, restricting to the case of irreducible compatible systems, we will be able to say 
something about independence of £ of the fields L'^. 

Our basic strategy is that the places v for which tr(p^(/rv) equals zero should detect the field L^. This 
is in marked contrast to the case of Artin representations: any irreducible (non-trivial) representation of a 
finite group has elements acting with trace zero. Our main tool will be the following (slight weakening of a) 
theorem of Raj an: 



Theorem 15.2.3 (Theorem 3 of |Raj98 1). Let E be a mixed characteristic non-archimedean local field, and 



let H/E be an algebraic group. Let X be a subscheme of H (over E), stable under the adjoint action of H. 
Suppose p: Tf — > H{E) is a Galois representation, unramified almost everywhere, and let C = X{E)rip{Tf). 

Denote by Hp <z H the algebraic monodromy group p(Tf) , and let O = Hp/Hp denote its group of 
connected components. For e O, we write H'^ for the corresponding component. 

• Let *F = {0 e Ol//"^ c X}. Then the density of the set of places v of F with pifr^) e C is precisely 

m/m. 



Rajan applies this to provC3 (Theorem 4 of ||Raj98[) that an irreducible, but Lie reducible, representation 



necessarily has a positive density of frobenii acting with trace zero; note that this also follows immediately 
from Cebotarev and Proposition I15.1.1[ which is a more robust version of Rajan's result (basically com- 
bining his argument with Proposition 14.0.181 ). Our next two results establish a converse, also extending 
Corollaire 2 to Proposition 15 of IISer81ll to its natural level of generality: that result handles the case of 
connected monodromy groups. 



We write to show the a priori dependence on { if V[ belongs to a compatible system. 

'in addition to the main result of his paper, a beautiful 'strong multiplicity one' theorem for ^-adic representations 
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Proposition 15.2.4. Let {pc) be a compatible system of continuous, semi-simple, LMF representations Yp 
GL„(Q^). Decompose Vf as above, so 



(=1 



for Lie-irreducible representations W^j ofT^j:. Then: 

i 

(1) Up to a density zero set of places, 

{V e |F| : tr(pK/rv)) = 0} = {v : fr, i[j [j crT^a-'}, 

i o-eSij 

where S [^i is a set of representatives ofTf/T^e. 

i 

(2) Up to a set of density zero, the set of places of F which have a split factor in for some i is 
independent of i. If we further assume that all V[ are absolutely irreducible {rc = 1) and all L^ /F 
are Galois, then L^ is independent of{E 

Proof. The "2" direction follows from the usual formula for the trace of an induced representation. To 
establish the reverse inclusion, let us consider, for each non-empty subset / c UiS fj, the set of places v 
such that tr(pf(/rv)) = 0, and /r,, € cF^f cr~^ if and only if cr e / [Notation: if cr e /, then cr € S tj for a 

i(cr) 

unique / =: /(cr)]. Also set 

I I i(a-) 



a-el 



and let resp. ^, denote the algebraic monodromy group of pc\r,, resp. PfO To establish the "c" (up 
to density zero) direction, we must show that Xi has density zero for every non-empty /. For all L 0i 
contains the identity component of Q. We apply Rajan's Theorem (115.2.31 above) to pelr/'- if '^i has 
positive density, then there is a full connected component T^" c Qj on which the trace vanishes (here T 
is some coset representative for the component). Representing endomorphisms of in block-matrix form 
corresponding to the decomposition 



we have 



tr 














= 0, 



where the *'s represent arbitrary elements of the End(crW^ ,). For this, we use the fact that these constituents 
are (absolutely) irreducible and distinct: either apply Wedderburn theory to the semi-simple Q^-algebra 
Qf[|Pf(P^H^"))]]» or apply Schur's lemma (using absolute irreducibility) and an algebra version of Gour- 
sat's lemma (using multiplicity-freeness). Then the above matrix equation implies the automorphism T, 
written in block-matrix form, has all zeros along the (block)-diagonal. But / is non-empty, so T € pre- 
serves at least one subspace crW[j, and so its block-diagonal entry corresponding to that sub-space must be 
non-zero (invertible). This contradiction forces all components of to have non-zero trace (generically), 
for all non-empty /, and thus the "c" direction is established. 

Part 2 now follows from independence of £ of tr(p^(/rv)) and Cebotarev, noting that 



{v:fr^.e[j[jT 



creSt 



In the non-Galois case, see Exercise 6 in Cassels-Frohlich! 
For notational simplicity, omit tlie ^-dependence in Q[ and Q. 
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is the set of places v of F that have at least one split factor in some if.. 



□ 



We make a few remarks about the limitations of this method: 

Remark 15.2.5. (1) Without any information about how the various Vc decompose into irreducible sub- 
representations, this result yields frustratingly little, since it is easy to find disjoint collections of 
number fields {L;),g/ and {L^),g/' such that the union of primes with a split factor (or even split) in 
the various L, equals the union of those with a split factor in the various 

(2) Even when the Vc are irreducible, and even assuming that one field L^" is Galois, care must be taken 
when the other inducing fields if are not (known to be) Galois. We see that is contained in 
for all {, but equality does not follow, as the following example from finite group theory shows. 
We want an inclusion H < K <G of groups with K normal in G, H a. proper subgroup of K, and 
Ug^GgHg^^ - K. Taking < S4 to be the copy of the Klein four-group given by the (2, 2)-cycles, 
and H to be the subgroup generated by one of these permutations, meets the requirements. Note that 
such examples examples require K to have non-trivial outer automorphism group: if G-conjugation 
acts by ^-inner automorphisms on K, then UcgHg^^ = UfckH'^-l = K implies H = K, since no 
finite group is the union of conjugates of a proper subgroup. 

(3) The group-theoretic counterexample of the previous item should not arise in practice: if we assume 
that W[q can be put in a compatible-system, say with €-adic realization W(fl, then conjecturally We^ 
will be Lie irreducible as well, and then the isomorphism 

Ind[,(W,) = Ind[,„(lV,,o) 
implies, by Mackey theory, that there is a non-zero F^fo -morphism 

for some s e Ff. By part (2) of Lemma ri5.2.2[ this induction is irreducible, so this map is an 
isomorphism. But W(fi is (conjecturally) Lie-irreducible, so L^" = L^. 

In any case, the following corollary is the promised converse to Rajan's result: 

Corollary 15.2.6. An irreducible, LMF representations pe'.Tp — > GL„(Q^) is Lie irreducible precisely 
when the set ofv with tr(p({fry)) - has density-zero. In particular, in a compatible system of irreducible, 
LMF representations, Lie-irreducibility is independent oft. 

Remark 15.2.7. If we know general automorphic base-change for GL„, we can formulate the conditions 'Lie 
irreducible' and 'Lie multiplicity free' on the automorphic side. This result then suggests how to tell whether 
a 'LMF' automorphic representation is automorphically induced. Finding an intrinsic characterization of 
the image of automorphic induction, even conjecturally, is a mystery (in contrast to its close cousin base- 
change), so it may come as a surprise that there should be such a simple condition at the level of Satake 
parameters, for this broad class of LMF representations. 

I originally developed Proposition 1 1 5 . 2 .41 to prove that a regular compatible system of representations of 
Yp for F a CM field, if induced, is necessarily induced from a CM field. See Remark [6. 2. 5 1 for an automor- 
phic analogue. Here is a partial result; it is another application of the 'Hodge-theory with coefficients' in 
96.11 We begin with a definition: 

Definition 15.2.8. A compatible system with coefficients in a number field £ is a system of representations 
pA'-Tp ^ GL„{Ex) for A varying over the finite places of E. If px is Hodge-Tate, we say it is regular if each 
multi-set HT^(p^ consists of n distinct integers. 



'The simplest example: Li = Q, L\ = Q(0, L\ = Q( V2), L3 = Q( V^). 
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Lemma 15.2.9. Let F be a CM field, and let px'.Tp GL„(£'i) be a compatible system of A-adic repre- 
sentations with coefficients in a CM number field E. Assume that the are (almost all) Hodge-Tate and 
regular Assume that there is a single number field L such that for A above a set of rational primes £ of 
density one, 

Pa = Ind£(o), 
for some E ^-representation r^ ofTi. Then L is CM. 

Proof. For simplicity enlarge E to contain Lan, the maximal CM subfield of L, and take its Galois closure- 
the result remains CM. If L t Lcm, then we can find a (positive-density) set of £ (unramified in L and for 
the system pc) which are spht in E (with, say, A\{) but not in (the Galois closure of L, hence) L. Consider a 
non-split prime w\£ of L, above a place v of F, and the restriction 

olr,„, : Tu. ^ GU{Ea) - GL„(Q^); 

By Lemma [1 0.2. 1[ f^dR{pA\Tf^) is the image under the forgetful functor (from filtered L,y-vector spaces to 
filtered F^-vector spaces) of Drfs(''ilrL„ )■ Since L„ does not embed in E^ - Qe, we can invoke Corollary 
l6.1.3l to show Pa is not regular, a contradiction. Therefore L = Lan- □ 

Combining this with Proposition 115.2.41 since regular clearly implies LMf|3 we deduce: 

Corollary 15.2.10. Let F be a CM field, and let {pa }a cin absolutely irreducible, regular, Hodge-Tate 
compatible system of representations ofYp with coefficients in a CM field E. Suppose that when we write 

PA = Ind[,(W^), 

where Wa is Lie irreducible, that the extensions L'^/F are Galois. Then the field L = L^ is independent of A, 
and L is itself CM. 

Remark 15.2.11. One way of interpreting this result is that to study regular motives, compatible systems, 
or algebraic automorphic representations over CM fields, we will never have to leave the comfort of CM 
fields. This is in particular the case for Galois representations occurring as irreducible sub-quotients of the 
cohomology of a Shimura variety. 



Part 4. Motivic lifting 

As noted in the introduction (see Question II.O.IOI ). the results of Chapter [3] raise more questions than 
they resolve. In this chapter, we discuss some cases of the motivic analogue of Conrad's lifting question; 
this is also the natural framework for the problem of finding compatible lifts of a compatible system of 
Galois representations. For this we need an unconditional variant of the motivic Galois formalism, and we 
adopt Andre's approach, using his theory of motivated cycles ([ And96b| ). In ^T6] we review Andre's theory, 
prove some supplementary results needed for the application to motivic lifting, and then treat the motivic 
lifting problem in the potentially abelian case. In ^TT] we prove an arithmetic refinement of Andre's work 
( l|And96a| ) on, roughly speaking, the motivated theory of hyperkahler varieties. This provides a motivic 
analogue of Theorem 1 1 3 . 0. 1 3] in many non-abelian examples. Finally, in ^T8l we speculate on a generalized 
Kuga-Satake construction, of which the results of ^TTl are the 'classical' case; we then prove this for of 
an abelian variety, generalizing known results for abelian surfaces. 



This is tlie one case in wliich tlie LMF condition is provably independent of i. 
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16. Motivated cycles: generalities 



16.1. Lifting Hodge structures. In trying to produce a motivic analogue either of Wintenberger's or of my 
lifting theorem, one is naturally led to try to lift all cohomological, rather than merely the ^-adic, realizations 
of a 'motive.' The easiest such lifting problem is for real Hodge-structures, which are parametrized by 
representations of the DeUgne torus S = Resc/R(G;„). Recall that X*(S) - Zai ® Zai, where ai and 02 are 
the first and second projections in the isomorphism 

S(C) = (C®RCf ^C'xC'' 

Zl ® Z2 (ZIZ2,ZIZ2)- 

5r R)^, and the Gal(C/]R)-action, induced by zi ® Z2 zi ® Z2, is given by 



Here S(]R) c S(C) is = (C ® 
c: (w,z) •-> (z,w). In particular, 



(c ■ ai)(w,z) - c(ai(z,w) - z. 



i.e. (c • ai) - (22, and similarly (c • (22) = a\. The group of characters over R, denoted ^^(S), is then 
Z(q;i + a2), where ai + a2 = A'^ is the norm, on R-points satisfying N{z) - zz. 

Let Hq —> 7^0 be a surjection of Unear algebraic groups over R with kernel equal to a central torus Zq. We 
are interested in the lifting problem for algebraic representations over R: 



Any such h lands in some (typically non-split) maximal torus To, and any lift will land in the preimage 
J^~^{To) -'■ Tq, which is a maximal torus of H'^. We are therefore reduced to studying the dual diagram of 
free Z-moduIes with Gal(C/R) = FR-action: 





X\^)i X\Tq) 





As short-hand, we denote the vertically-aligned character groups, from bottom to top, by Y, Y', and L, so 
we in fact are studying the sequence 

^ Homr,_{L,X\S)) ^ Homr,(Y' , X' {$)) ^ Homr^Ci^^'CS)) ^ Ext^^(L,X*(S)) ^ . . . 

Any real torus is isomorphic to a product of copies of G^, S, and - keriN: S G^). The character 
group Z*(S^) is X*(S)/Z(ai -I- 02). A generator is the image of ai - a2, which on R-points is simply the 
character z 1-^ z/z of the (analytic) unit circle Complex conjugation acts as -1 on X*(S^). We can 
therefore completely address the lifting problem by understanding morphisms and extensions between these 
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three basic Z[rR] -modules. The case of immediate interest to us will be when Zq is split, so L is just some 
number of copies of Z with trivial FR-action. Now, 

Ext^-^(Z,X*(S)) = H\T^,X\^)) = 0, 

since ker(l + c) - im(c - 1) = Z(ai - 02)- Therefore any h: S ^ Hq lifts, and the ambiguity in lifting is a 
collection of elements (of order equal to the rank of Zq) of Homrj.(Z,X*(S)) = Z{ai + Q'2)0 

Example 16.1.1. In 917.2l we will consider the following setup: Vr will be an orthogonal space with signa- 
ture (m - 2, 2)|3- Write m = 2n or m = 2n + \. The lifting problem will be 

GSpin(yR) 



h 



SOCVr), 



where h lands in a maximal anisotropic torus Tq = (§ )". We can write 



V !=1 

where conjugation acts by -1 on each;^;, i - \, . . . ,n, and trivially on^o- Here ®"^jZ;^, is the submodule 
X*(ro). A morphism S ^ To c SO(Vr) is given in coordinates by^; i-> m,(ai - aj), for some integers m,-. 
A lift to a morphism S — > GSpin(VR) then amounts to an extension 

XQ + — 2 — ^ 2"^^^ ^ ^ — 2 — ~ 
where eo is any integer having the same parity as Yj 'i^i- The Clifford norm N is given by the character 2xo, 
so the composition of such a lift with the Clifford norm is eo{ai + aj). In the Ki (or hyperkahler) examples 
to be considered in the next section, mi = 1 and all other m, = 0, so we find there is a unique lift 

GSpin(yR) 



S 7^ SOCVr), 

/l 

where N oh: S ^ G„, is any *odd* multiple of the usual norm S — > G„,. The Kuga-Satake theory takes the 
norm itself, which then gives rise to weight 1 Hodge structures. 

16.2. Motivated cycles. Most of our results can be stated solely in terms of abelian varieties, but both the 
strongest assertions and the proofs will require invoking Andre's theory of motivated cycles; we provide a 
brief review here, with some points elaborated for later application. In this section, F will be an abstract (i.e., 
not embedded) field of characteristic zero, small enough to be embedded in C, and which we will eventually 
specify to be a number field. 

In ||And96bL Andre defines a Q-linear category of motives for 'motivated cycles' whose construction 
mirrors the classical construction of (Grothendieck) motives for homological equivalence, but circumvents 



^^Note that if we dealt with representations of S' we would find an obstruction in //'(Fr, A"(S')) = Z/2Z. 
'^^Fhis part of the discussion applies to any signature {p,q) with at least one of p or q even, so that SO(Vj) has a compact 
maximal torus. 

'^^Fhe characters are conjugate in SO(Vc) to the characters denoted in 31 IK see page|40t. The torus Tq is built out of copies 
of S0(2) embedded in SO(m - 2, 2), and these are just the usual characters 

cos(e) sin(0)\ ^ ,e 
•sin(6)) cos(e)) 
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the standard conjectures by formally enlarging the group of 'cycles' to include the Lefschetz involutions. 
Before describing this in more detail, we state the two main results of this theory 

Theorem 16.2.1 (Theoreme 0.3 of ||And96bl ). For any smooth projective F-scheme X, there is a graded 
Q-algebra A^^j(X) of 'motivated cycles,' containing the algebraic cycles on X m^odulo homological equiva- 
lence, and for any classical cohomology H* a Q-linear injection 

cIh: Al,,{X) ^ H^\X) 

extending the cycle class map for H. A*j^f(X) has the following properties: 

• for every element ^ of A'^gf{X), there is a smooth projective F-scheme Y, algebraic cycles a and /3 
onXxY, and a polarization on XxY induced by a 'product' of polarizations ofX and Y, and with 
corresponding Lefschetz involution *i, such that 

cIh{^) = p4^(clHia) U *LclHm 

for all classical cohomologies H; 

• Al^gf{X) depends bifunctorially (push-forward and pull-back) on X, satisfying the usual projection 
formula. 

Taking A*,^^,(X) as the space of cycles, and mimicking the classical construction of Grothendieck motives, 
Andre defines a category Mf of motives for motivated cycles satisfying: 

Theorem 16.2.2 (Theoreme 0.4 of liAnd96bl ). Mp is a neutral Tannakian category over Q. It is graded, 
semi-simple, and polarized. Every classical cohomology factors through Mf- 

In particular, this sets in motion the formalism of motivic Galois groups, and the theory becomes a very 
useful circumvention of the standard conjectures. Perhaps its most unsatisfactory feature- present also in 
the theory of absolute Hodge cycles- is that its 'motives' are not known to give rise to compatible systems 
of ^-adic representations. 

We now make these statements more precise. For any smooth projective F-scheme of pure dimension 
d, equipped with an ample line bundle rj, we let L = L^j denote the corresponding Lefschetz operator (cup- 
product with the cycles class c\{r]) € H^(X){1)). Fix a cohomology theory H, which we will always take 
to be classical, but can be any Weil cohomology that moreover satisfies the hard Lefschetz theorem. That 
is, L^~' : H'{X) H^'^~'{X){d - i) is an isomorphism for all / < d. We denote by *l the corresponding 
Lefschetz involution, which is L'^~' or its inverse, depending on whether i < d or i > d. The fixed classical 
cohomology takes values in some field Eh, and for any subfield E of Eh, Andre defines: 

Definition 16.2.3. A motivated cycle on X with coefficients in E is an element of H*{X) of the form 

pr|J(a U *iJ3), 

where 

• F is a smooth projective F-scheme, with polarization rjy giving rise to a 'product' polarization 
JlxxY = [X] ® riY + rjx® [F], with corresponding Lefschetz involution *i, onXxY; 

• a and j6 are algebraic cycles with F-coefficients onXxY. 

These motivated cycles form a vector space A*„^,(X)£:, and A*,^j,(X) will always mean the case E = Q. 
One can in the usual way then define spaces C*,Qf(X, Y)e of motivated correspondences (see Definition 2 
of IIAnd96bll ): for X = Y, this construction yields a graded F-algebra containing the Lefschetz involutions 
and the Kiinneth projectors n'^. Moreover, different but comparable choices of cohomology theory H yield 
canonically and functorially isomorphic algebras of motivated cycles (Proposition 2.3 of [And96b|): this 
explains how the above Theorem I 16.2. 1 [ defines A*jq,(X) independently of the cohomology theory. 

no 

Andre defines more generally a category of motives 'modeled on' a full sub-category of the category of smooth projective 
F-schemes, with assumed stable under products, disjoint union, and passage to connected components. We will always take 
to be all smooth projective F-schemes. 
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From here, one can define the category of motives Mf as usual: 



Definition 16.2 A. Let Mf, the category of motives over F for motivated cycles, be the category whose 
objects are triples M = {X, q, n) consisting of a smooth projective F-scheme X, an idempotent motivated 
correspondence q € C,^,q;(X, X), and a 'Tate twist' n, which is a choice of integer for each connected com- 
ponent of X. For short-hand (and intuition), one writes M = The morphisms in Mf are given 
by 

HomMAqm(nXpKY){m)) = pC';:-"(X,Y)q. 

Andre shows the endomorphism algebras of objects of Alf are semi-simple (finite-dimensional) Q- 
algebras, from which it follows (see IIJan921 ) that Mf is an abelian semi-simple category. There is an 
obvious structure of a rigid tensor category, where the internal Horn is given by 

Hom (qUX)(n), pUY)(m)) = {'q X pMX X Y){dimX- n + m@ 

but the naive commutativity constraint (induced by the isomorphism cr: Y xX ^ XxY that swaps the two 
factors) does not yield a Tannakian category: in any rigid tensor category there is an intrinsic notion of rank, 
and for the naive commutativity constraint, rk(I)(X)) = ^(-1)' dim//'(X) can be negative. This problem 
derives from the fact that cup-product is anti-commutative and so the diagram 

H*{X X Y) ^ H*{X) ® H*{Y) 

H*{Y X X) ^ H*{Y) ® H*{X), 

does not commute, where denotes the natural commutativity constraint in Vecg^. To make the Weil 
cohomology H* a fiber functor, we therefore modify the commutativity constraint (as in IIJan92ll ). using the 
grading on Mf (i.e., Kiinneth projectors) as follows: ifcr: M ® N ^ N ® M denotes the naive constraint, 
decomposing cr = with 

o-'-" : n''M ® n'N ^ n'N ® n'M, 

the new contraint is cr' = ®^ i(-l)''*cr'''*. This modification makes H* a tensor functor; embedding F into C 
and taking H* = H*^ (with Eh = Q), Mf becomes a neutral Tannakian category over Q. 

We will need the formalism of motivic Galois groups, for which we will have to specify fiber functors 
and no longer regard F as an abstract field. For any cr : F "-^ C, Alf is Tannakian and neutralized by the 
cr-Betti fiber functor (denoted Ha-), so we obtain its Tannakian group, 'the' motivic Galois group, (cr). 
For the ^-adic fiber functor X i-^ HetiXj, Qf), we denote by QF,e the corresponding motivic group (over 
Qf). It is more convenient to choose an embedding cr: F C, since this allows us, via the comparison 
isomorphisms 

H„{Xj, Q^) ^ H,,{Xj C, Qe) = H^{X, Q) (8)q Q^, 

to deduce an isomorphism QFicr) ®q Q_c = QF,t- Eventually, F will simply be regarded as a subfield of C, 
with F its algebraic closure in C; in that case, we will omit the cr from the notation. For now, however, we 
retain it. 

The fully faithful inclusion of the subcategory M''^' of Artin motives over F induces a surjection 

Qpicr) ^ g^;\a) = Tf, 



^interpreting dimZ as a function of connected components. 
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and when combined with the base-change functor Mf Mj, we obtain an exact sequenc4l3 of pro- 
algebraic groups 

By Proposition 6.23d of BDMlll . for all £ there are continuous sections (homomorphisms) Fp — > 0f{Q{) 
(after unwinding everything, this is simply the statement that Tp acts on ^-adic cohomology). 

As a variant on this formalism, to any object (or collection of objects) M of Mp, we can associate the 
smallest Tannakian subcategory (M)^ generated by M (fully faithfully embedded in Mp), and we can then 
look at its Tannakian group, denoted Qpicr). This gives rise to a commutative diagram, where the vertical 
morphisms are surjective: 



^picr) > ((T) > Tp > 1. 



M— 

Lemma 16.2.5. Assume that Q—''{(t) is connected. Then there exists a finite extension F' IF such that 

F 

Qpf" (cr) is connected. 

Proof. Fix a prime {, a section Sf-.Tp ^ QriQe), and a finite extension F' /F such that the Zariski closure 
of the ^-adic representation '■ ^f' GL{M() is connected. The image of ®q in GL(Mf) 

is then equal to the product of the two connected groups pMfi^F') and (q^^ 'S/qQtj, hence is itself 
connected. □ 

Remark 16.2.6. If in {Mj}'^ all Hodge cycles are motivated, 0^''{cr) is connected. 

Many of the results of IIAnd96all rest on earlier work of Andre (Theoreme 0.6.2 of pAnd96b1) showing 
that on a complex abelian variety, all Hodge cycles are motivated (a variant of Deligne's result that Hodge 
cycles on a complex abelian variety are absolutely Hodge). One useful consequence is: 

Corollary 16.2.7 (Andre). Let A/C be an abelian variety, and let M be the motive H\A) (an object of Mc)- 
Then the motivic group (for the Betti realization) is equal to the Mumford-Tate group MT{A), and in 
particular is connected. 

Proof. MT{A), recall, is the smallest Q-sub-group of GL(//g(Ac, Q)) whose R-points contain the image of 
the S -representation corresponding to the R-Hodge structure //^(Ac, R.); by the general theory of Mumford- 
Tate groups, this is equal to 

• the Tannakian group for the Tannakian category of Q-Hodge structures generated by Mb = //^(Ac, Q); 
and 

• the subgroup of GL(Mg) fixing exactly the Hodge tensors in every tensor construction T'"'"{Mb) '■= 
(Mb)^'"®(MP^". 

Similarly, the motivic group is the subgroup of GL(Mb) fixing exactly the motivated cycles in every 
tensor construction T'"'"{Mb). Of course (on any variety) all motivated cycles are Hodge cycles, so there 
is a quite general inclusion MT{A) c Q^. Applying Andre's result to all powers of A, we can deduce the 
reverse inclusion: ifte T'"'"{Mb) is a Hodge cycle, then (by weight considerations) m = n, and viewing this 
tensor space (via Kunneth and polarization) inside H^'"{A^'", Q)(m), we see that t is motivated. □ 



^'^'^See Proposition 6.23a, c of IDMl II . This is a corrected, TeXed version of the original article in HOMOS 82h it is available at 
http://www.jmilne.org/math/xnotes/index.html. Note that part is a modification of the (only conjectural) statement in the original 
article. 
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The following point is implicit in the arguments of ||And96all . but we make it explicit in part to explain an 
important foundational point in the theory of motivated cycles. 

Corollary 16.2.8. Let F be a subfield of C, with algebraic closure F in C, and let A IF be an abelian 
variety. Let M be the object of My corresponding to H^{A-p). Then (for the F c C Betti realization) is 
connected, equal to MT{Ac). 

Proof. We deduce this from the previous result and the following general lemma, which is of course implicit 
in lAnd96bil : 

Lemma 16.2.9. Let L/K be an extension of separably closed fields, and let M be an object of Mk, with 
base-change M\i to L. Then via the canonical isomorphism H^tiM, Qc) = Hgt{M\i, Qc), the {-adic motivic 
groups Q'^^ and agree. 

Proof. This follows from the fact (2.5 Scolie of ||And96bll ) that the comparison isomorphism (for M = 
H*{X)) identifies the spaces of motivated cycles A*{X) — > A*{Xi). This follows from standard spreading out 
techniques, but we provide some details, since they are omitted from IIAnd96bl . Writing L - limKx as the 

A 

directed Umit of its finite-type A'-sub-algebras allows all the data required to define a motivated cycle on 
(a smooth projective F/L, algebraic cycles on Xi^ x Y, the Lefschetz involution on cohomology of x Y) 
to be descended to some S a - Spec(A'^). The general machinery allows us to assume (enlarging A) that we 
have Y^ilS X smooth projective (of course Xx - X ®k Ka is smooth projective), a relatively ample invertible 
sheaf r]A of 'product-type' onX^ Xs^ Y^, and various closed S^-subschemes 

Z^X-Xa Xs, Y, 

that are smooth over S a and whose linear combinations define spread-out versions of the algebraic cycles 
on Xi X Y. The purity theorem in this contexf"^ yields an isomorphism 

hence a cycle class [Z] in H'^\X,Qe){j). Regarding x: Spec(L) 5^ as a geometric point over some 
scheme-theoretic point x, and letting s: Spec(A') ^ 5^ be a geometric point over a scheme-theoretic closed 
point s lying in the closure of x, the cospecialization map H'^-i{Xs,Qe) H'^^{Xx,Q_d is an isomorphism 
{XjS A being smooth proper), and it carries the cycle class [Zj] to the cycle class [Zj^], since these are both 
restrictions of [Z], and the diagram 



//'^(^,v,Qf) 



commutes. 



□ 



Theoreme 3.7 of Artin's Exp. XVI of )sga73| 
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16.3. Motives with coefficients. We will need the flexibility of working with related categories of motives 
with coefficients. Let £ be a field of characteristic zero. Given any S-linear abelian (or in fact just additive, 
pseudo-abelian) category M, and any finite extension E' IE, we can define the category Mr' of objects with 
coefficients in E' as eiffier of the following (ffiis discussion is taken from §2.1 of ||Del79ll and 3.11, 3.12 of 
JDMTTl ): 

(1) The category of '^'-modules in Al,' whose objects are pairs (M, a) of an object M of A1 and an em- 
bedding a: E' ^ Endyv((M), and whose morphisms are those commuting wiffi these ^'-structures. 

(2) The pseudo-abelian envelope of the category whose objects are formally obtained from ffiose of M 
(writing Me' for the object in Me' arising from M in At), and whose morphisms are 

Homyvi£,(M£', A^£') - Homyvi(M, A^) ®e E' . 
This construction is valid for infinite-dimensional E' IE. 
To pass from the first to the second description, let (M, a) be as in (1), so that Endyvi^, {Mp) = Endyv((M) ®£ 
E' contains, via a, E' ®£ E' . This £"-algebra (via the left factor) is isomorphic to a product of fields, and 
there is a unique projection : E' ®e E' -» E' in which x ® 1 and \ ® x boffi map to x. Then eid{ME') is 
the object of (2) corresponding to (M, a). 



There is a functor A1 Mp, which in the first language is M i-^ (M ®e E' , idM ® '(isOllj If M is 
semi-simple, then so is Me' . If vVl is a neutral Tannakian category over E with fiber functor co, then we can 
make Me' into a neutral Tannakian category over £". Define an -valued fiber functor a>E' : M Vec£' 
by oje'{M) = oj{M) ®e E' . There is a diagram commuting up to canonical isomorphism, 

M )■ Me' 




YecE' , 

where 

tL>'j,,{M,a) := ojE'iM) (8 E'. 

This o)'^, neutralizes Me', and so we can define the associated Tannakian group 0e' = Aut®(a»^,). We wish 
to compare Qe' with Q = Aut^(a»). Note that At^' is equivalent to Rep£/(^) and Q ®e E' = Aut'^(w£'')- 
Then the composition of functors 

Me' Rep£,(^) ^ Rep£,(^ ®e E') 



given on Me' b> 
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(X, a) ^ {co{X), a){a)) ^ E' ® {oj{X) ® E') 
is just oj'p, whence a tensor-equivalence 

Rep£.(^£') ^ Rep£,(^ ®£ E'). 

We apply these constructions to Andre's category of motives over F for motivated cycles, to form the 
variant Mf,e, motives over F with coefficients in E, for E any finite extension of Q. We denote the corre- 
sponding motivic Galois group (for the cr-Betti realization) by ^F,£(cr); its ^-linear (pro-algebraic) repre- 
sentations correspond to objects of Mf,e, and it is naturally isomorphic to 0f,q{o-) ®q E. For any object M 
of Mf,e, we also have the corresponding motivic group Q'^^icr). 

As a more concrete variant, we can start with the (Q-linear, semi-simple) isogeny category AV^ of abelian 
varieties over F, and form the S-linear, semi-simple category AV^ ^ of isogeny abelian varieties over F with 



^''^See 2.11 of IDMllI for a precise description oi M®e E' . 

1 03 

F just sends an object V of Rep^, (^), corresponding to an ii-homomorphism Q — » Res£'/£(GL£'(y)), to E' ®e'(DeE' V- 
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complex multiplication by E. There is a (contravariant) functor AV^^ Mf,e- Faltings' theorem implies 

the following S-linear variant: fix an embedding E Q^, and consider an object A of AV^^; then the 
natural map 

End^yo^(A) ®E Qc ^ End^^^^^^{H\Aj, Qc) ®£ Q^) 



104 



is an isomorphism 

Our next goal is to show that objects of Mf,e satisfy (unconditionally) the Hodge-Tate weight symme- 
tries, and the more fundamental symmetries in the rational de Rham realization, needed for our abstract 
Galois lifting results. I expect these results are well-known to experts, but they do not seem to have been 
explained in their natural degree of generality, and in a context in which they can be proven uncondition- 



all>L3 So, let M be an object of Mf,e, of rank r. The de Rham realization M^r is a filtered F ®q f'-module. 



which is moreover free of rank r. As in 96.11 we define the t: F "-^ f-labeled weights of M as follows: 
HTr(M) is an r-tuple of integers h, with h appearing with multiplicity 



dim;g gr'' (m^r ^f^qE,t»i e) . 



In talking of r-labeled weights, there is alway an ambient over-field, in this case E, but we will at times want 
to change this to either C or Q^; that will require fixing an embedding i: E "-^ Qi or l: E "-^ C. In either 
case, we can then speak of HT(t-(M), with E embedded into C or via t, and there is an obvious equality 
HT^(M) - m,r{M). 

The essential point, which is the motivic analogue of Corollary 16.2.31 is closely related to the fact that 
Qf splits over Q'™ (see 4.6{iii) of ||And96bl for this assertion). For lack of reference for the proof, we give 
some details: 

Lemma 16.3.1. Let N be an object of Mf,e- Then there exists an object No of MF,Ecm such that N = 
A^o ®£„i, E. Consequently, HT^(A'^) depends only on the restriction ofT to Fan- 
Proof By the formalism of Lemma [6. 1.11 the second claim follows from the first. By Proposition 3.3 (the 
analogue of the Hodge index theorem) of IIAnd96bi . C^^^iX, X) is endowed with a positive-definite, Q-valued 
symmetric form, which we call (• , •). For any sub-object M c H{X) in Mf, there follows a decomposition 
H{X) = M ® M""", by positivity and the fact that At is a semi-simple abelian category. ( , ) therefore restricts 
to a positive form on M itself, and in particular every simple object of Alf carries a positive definite form. 
Again by semi-simplicity, any such simple object M has End(M) isomorphic to a division algebra D, on 
which we now have an involution ' (transpose with respect to ( , )) and a trace form tr^ : D — > Q (given by 
(f) tr((^|//g(M)) such that trMi4>4>') > for all non-zero ^ € D. As in the proof of the Albert classification, 
this implies that the center of D is either a totally real or a CM field. Thus, End(M) splits over a CM field; 
in particular, for any number field E and any factor N of M®qE (in Mf,e), N can in fact be realized as (the 
scalar extension of) an object of MF,E„,r o 

Remark 16.3.2. When £" = Q, Lemma |6. 1 . 1 1 shows that HT^(A'^) is independent of r; this is essentially 
the assertion that for a smooth projective X/F, the Hodge numbers of X do not depend on the choice 
of embedding F "-^ C. The next few results (culminating in Corollary 116.3.51 ) all have corresponding 
strengthenings when E = Q. 

We first record the de Rham-Betti version of the desired symmetry: 



^"^Simply take the usual isomorphism with Q in place of E, restrict to those endomorphism commuting with E — » End^,/o (A), 
and then project to the £ =— » component of the resulting E (8>q Q^-module. 

^*^^Our discussion is an analogue of the standard discussion in the theory of motives of CM type- see §7 of | Ser94|. The 
Galois symmetries themselves have also been postulated in §5 of (BLGGT|, but since that paper is only concerned with Galois 
representations arising from essentially conjugate self-dual automorphic representations, it has no need to deal with this symmetry 
as a general principle. 

78 



Lemma 16.3.3. Let N be an object of Mf^e lying in the k-component of the grading. Then for any choice 
of complex conjugation c in Gdl{EIQ), 

HTcor(A^) = {k-h:he WYriN)}. 

Proof. Any such object is built by taking one of the form M - H^{X) ® E, for XI F a smooth projective 
variety and applying an idempotent a e C°,^,(X,X)£:n!3 Fix an embedding t: £ C, so that lot: F '-^ C 
There is a functorial (Betti-de Rham) comparison isomorphism 

MdR ®F,tr C = Mb,ct ®Q C, 

which commutes with the action of C° ^^(X, X)e on M^r and Mg^tT, in particular making this an isomorphism 
of free E ®q C-modules. It induces an isomorphism on the corresponding gradeds (with q = k - p): 

gvP{MdR ®F,r C) = RPfiM) = //^'^(X,,) ®Q E, 

again E ®q C-linear. Just for orientation amidst the formalism, this says that 

WYriMdR) = WI.riMdR) = [p : HP'^^iX^r) + 0, counted with multiplicity dime ^^'''^(X,r)} • 

Now, the projection X^j Xc,c C — > X^j induces a transfer of structure isomorphism on rational Betti cohomol- 
ogy, and then an E (8)q C-linear isomorphism 

Fool H^^iM) ^ Ht;^{M). 

Let a e Cj^^,(X, X)e be an f-linear motivated idempotent correspondence defining an object N - aM of 
Mf,e- There is a commutative diagram of E ®q C-linear morphisms 

//f/(M) ^ (M) 



Consider the images of the two vertical maps. Since the horizontal maps are isomorphisms, and all the maps 
are E ®q C-linear, we deduce an isomorphism 

The left-hand side is isomorphic to 

gr^ (iaM)dR ®F»QE,iTS>i C) , 

and letting c' be a complex conjugation in GalC^/Q) such that lc't = clt, the right-hand side is isomorphic 
to 

gr*^-'^ ({aM)dR ®F®^E,Lc'mi C) . 

It follows that 

WYc'riaM) = {k-h:he HT^(aM)} . 
But by the previous lemma, HTc'rCaM) - HTcr(M), so we are done. □ 

Next we observe (as in §2.4 of ||And96bll . but with a few more details) that '/7-adic' comparison isomor- 
phisms hold unconditionally in MfX' this is one of the main reasons for working with motivated cycles 
rather than absolute Hodge cycles. 

Lemma 16.3.4. Let N be an object of Mf,e- Then for all v\C, the free E ®q Q{-module M( is a de Rham 
representation ofTF^, and there is a functorial (with respect to morphisms in A\f,e) isomorphism of filtered 
Fy ®Q £■ = Fy (giQf (Q^ (g)Q E)-modules 

Fv ®F MdR^T>dR{Mc\Y,^). 



^"^And a Tate twist, but the statement of the lemma is obviously invariant under Tate twists. 
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Proof. It suffices to check for objects of the form M = H(X) ®q E, for X/F smooth projective. Faltings' 
theorenj^ provides the comparison 

H*dR(XF,,) ®qE = D^r (//*(%, Qe)) ®Q E, 

which is an isomorphism of filtered Fy^Q^^-modules. Let a e C° ^^^(Xi , X2)e be a motivated correspondence. 
Let d\ = dim(Xi). a has realizations OdR and ae in cohomology groups that are also compared by Faltings 

//^^'((Xi X X2)fM)) = DdR (//'^'((Xi X X2)p;, QM)) ®Q E, 
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and the claim is that a^R maps to ai. The comparison isomorphism is compatible with cycle class maps 
and our cycle a is spanned by elements of the form P^x'ixxl * ^ ^ ^^^^ another smooth projective 
variety and yS and y algebraic cycles on X\ XX2XF. Applying the comparison isomorphism also to X\ XX2XF, 
and appl ying compatibility with cycle classes, cup-product, (hence) Lefschetz involution, and the projection 
xIj, we can deduce that OdR maps to a^. □ 



Corollary 16.3.5. Let M be an object of A\f,e- Fix an embedding l: E "-^ Qf, and use this to identify E as 
a subfield ofQ^. Then for all t: F ^ Qf, HTriMf ®£ Q^) depends only on tq = tI^^.^^^. If M is moreover 
pure of some weight k, then 



UTroociMe ®EQf) = {k-h:h€ HT^„(Mf ®£ Q^)) . 



Proof. Write i~'T for the embedding F ^ E induced by r and t. By the previous lemma, HTr(M^ ®£ ( 
HT,-i^(M). The latter depends only on T\f^^^, and when M is pure satisfies the required symmetry, by 
Lemmas [16.3. Il and ll6.3. 31 □ 

Finally, we can show that the Galois lifting results of €\3\ apply to representations arising from objects 
of Mf.e- In an idealized situation in which all Hodge cycles are motivated (or motivic groups over F are 
connected), this will always be the case; in general there is a complication, which I have not yet been able 
to avoid, arising from the fact that the proof of Theorem 1 13.0. 1 1 [ requires an initial reduction to the case of 
connected monodromy group. Fix an embedding E Q^, inducing a place A of E. For short-hand, we 
denote by ^^q^ the base-change to of the -group Qe,a defined by the i-adic etale fiber functor on the 
category Mfe, and we make the analogous definition of Q'^— for objects M of Mfe- 

Corollary 16.3.6. Let F be a totally imaginary field. Let M be an object of Mf,e cmd E ^ a fixed 
embedding, to which we associate the i-adic representation Mf ^e Qt, which is a representation both ofTF 

and of the motivic group Q^— . Make the following assumption, which is needed for the proof, but should 

F,Qe 

not be necessary for the conclusion: 
• 0—— is connected. 

Suppose that H' ^ H is any central torus quotient of linear algebraic groups over Q^, and that there is a 
factorization 

^F^^^H^GL^^(M,^EQf), 



^*^^0f which there are now several proofs, including the necessary corrections to the original |Fal89| . A 'simple' recent proof is 
IBeil2l . 

^''^Note that Of is fixed by T/r,, 

'''^See part (b) of the proof of Theorem 3.6 of |Beil2| . 

' '''This last point because compatible with pull-back induced by morphisms of varieties and, again, Poincare duality. 
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where of course the composition of these inclusions is the natural representation. Then there exists a geo- 
metric lift p 



^ (Q^) > H{q,). 

P F,Qe 

M— 

Similarly, if F is any number field, but E is Q, then without any assumption on the motivic group > such 



a p exists. 

Proof. Corollary 116.3.51 tells us that composing p with any irreducible algebraic representation of Q'^- 

yields an f-adic representation satisfying the Hodge symmetries of Conjecture 113.0.91 But the arguments 
of Proposition 113.0.111 and Theorem 113.0.131 do not apply directly, because they assume these symmetries 

-Zar, 



after composition with irreducible representations of the connected component (piTf) The simplest 

M— 

(but imperfect) way around this is to assume is connected, and then run through the arguments of 

Proposition 1 1 3 .0. 1 T] and Theorem 113.0.131 with q'^''L , for F' sufficiently large (see Lemma [T6.2.5l ). in place 



-Zar 



of p(yF') '■ reduce to the connected case (replacing F by F') as in Theorem |13.0. 131 and then note that the 
proof of Proposition 1 1 3 .0. 1 T] only requires identifying a connected reductive group containing the image of 
p such that composition with irreducible representations of this group yields Galois representations with the 
desired symmetry (whether or not these Galois representations are themselves irreducible). 

The second assertion (when E = Q) follows by the same argument: by Remark [16.3.21 the r-labeled 

Hodge-Tate co-character pr of p is independent of r. It can be interpreted as a co-character of (piTp) )", 
and composing with finite-dimensional representations of this group, we obtain the necessary Hodge-Tate 
symmetries to apply the argument of Proposition 1 1 3 . 0. 1 Tl □ 

Remark 16.3.7. Similarly, there is a motivic version of Corollary 1 13. 0.1 21 

16.4. Motivic lifting: tlie potentially abelian case. One case of the desired motivic lifting result is im- 
mediately accessible, when the corresponding Galois representations are potentially abelian. We denote by 
CMf the Tannakian category of motives (for motivated cycles) over F generated by Artin motives and po- 
tentially CM abelian varieties. As before an embedding cr: F ^ C yields, through the corresponding Betti 
fiber functor, a Tannakian group TXcr) = Aut^iHa-lcMf)- For ^ number field E, we can also consider, as 
in 916.31 the category CMf,e of potentially CM motives over F with coefficients in E, with its Tannakian 



group ^^^(cr)!^ As with Qf, there is a sequence 

1 "Ty^E ~^ "^F'E ^ Tf ^ 1, 

where again the projection Tf^e Tf has a continuous section sx on S^-points. Deligne showed in 
lfDMOS82 l (Chapter IV: 'Motifs et groupes de Taniyamd') that 7q is isomorphic to the Taniyama group 
constructed by Langlands as an explicit extension of Fq by the connected Serre group 



113 



If this group were, contrary to conjecture, not equal to g-L , then it is not obvious in general how to relate the two putative 

Hodge symmetries. 
1 1 7 

"From now on, cr will be implicit. 
'^^More precisely, equipped with the data of the projection to Fq, a section on A/r /--points, and the co-character Gm_c — > 7c 
giving the Hodge filtration on objects of CMc, Tq is uniquely isomorphic to the Taniyama group, equipped with its corresponding 
structures. 
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Proposition 16.4.1. Let F be totally imaginary. Let H' H be a surjection of linear algebraic groups over 
a number field E with central torus kernel. For any homomorphism p : Tf,e ~* H, there is a finite extension 
E' IE such that p lifts to a homomorphism 



p 

7'f,E' ^ He' 



Proof. Fix a finite place Aof E and consider tiie /l-adic representation p^ = p o s^'- Tp ^ H(E^). Since 
is isomorphic to the connected Serre group, we can unconditionally apply Corollary 1 16.3.6l to find, for some 
finite extension E'^/E^ a geometric lift p^: F/r ^ H'{E'^) of p^. Note that px is potentially abelian, since 
Pa is, and the kernel of H' ^ H is central. Proposition IV.D.l of IIDMOS82II implies that p^ arises from a 
homomorphism (of groups over E'^) Tf'^qE'^ = Tf^e^eE'^^ — > H'®eE'^. This in turn must be definable over 
some finite extension E' IE (E' is thus embedded in E'^), i.e. there is a homomorphism p: Tf^e' El' ®f E' 
whose extension to E'-^ gives rise to p^- We verify this important technical point in Lemma [l6.4.2l below. To 
check that p is actually a lift of p®fE' , it suffices to observe: 

• The restriction to Ty ^, is a lift: the restrictions of p and p are simply the algebraic homomorphisms 
of the connected Serre group (tensored with E') corresponding to the labeled Hodge-Tate weights 
of Pi and Pi. 

• The /I'-adic lift, for the place A' of E' induced by E' E'■^, is a lift (by construction). 

• It suffices to check that p is a lift on E"^, -points. First, it suffices to check that p®E' E\, lifts p®eE\,. 
This in turn can be checked on £'^,-points: we are free to replace Tf^e' ®e' E'^, by some finite-type 
quotient T in which the £",, -points are Zariski-dense. Then the closed subscheme T x H ^ T 

HxH 

(where the two maps to H x H are the diagonal H ^ H x H and the product of the two maps 
T ^ H X H given by p and p followed by the quotient H' H) contains T{E'^,), hence equals T. 

Then we are done, since Tf,e'{E\,) = Tj p(E'^,) ■ sx'{Tf)- □ 

Here is the promised lemma showing that p may be defined over a finite extension E' of E: 

Lemma 16.4.2. Let KIk be an extension of algebraically closed fields of characteristic zero. Let T be a 
(not necessarily connected) reductive group over k, and let n: H' ^ H be a surjection (defined over k) of 
reductive k-groups. Suppose that p: T ^ H is a k-morphism, and that the scalar extension p^ lifts to a 
K-morphism p: Tk ^ H'^. Then p lifts to a k-morphism T H' . 

Proof. By a basic result of Vinberg (Proposition 10 of ||Vin96i ). any homomorphism Tk — > H'^, is H'(K)- 
conjugate to a homomorphism defined over k: so, there exists po- T — > H' and h € H'{K) such that 
hphr^ = po K- Composing with jtk, and writing h = nxQi), pQ = hk ° Po,k, we have hpKh~^ = po,K- We 
claim that there is an ho € H(k) such that hoph~^ = po. Granted this, we can lift /jq to an element ho of H'{k), 
and then h'^poho is a Uft of p defined over k. 

To see the claim, note that for all cr € Gsi\{Klk), "'hp^'^h'^ = po,K, and thus c: cr i-> h~^ ■ "'h defines 
a cohomology class in //^(Gal(iC'/^), Cent//(/s')(p;f)), which is of course trivial, since KIk is an extension of 
separably closed fields. Consequently, for some element z. of this centralizer, c(o") = ■°'z, and the element 
hzr^ is then Gal(A'//c)-invariant. Hence ho - hz."^ lies in H{k) and conjugates p to po. □ 

Remark 16.4.3. • We have stated the result only for imaginary fields for simplicity, but of course 

there is a variant for general number fields taking into account Corollary 1 13.0. 121 When F is totally 
real, there will be such p that do not lift: simply take a type A Hecke character (A of a quadratic 
CM extension LIF as in Example 17.0.91 Then Ad°(Ind£((A)) will have a potentially abelian Galois 
^-adic realizations Ff — > SOsiQc), which arises from a representation of Tf by Proposition IV.D.l 
of IIDMOS82L As we have seen, these representations do not lift geometrically to GSpin3. 
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• The method of checking that p- once we know it exists- actually lifts p will recur in ^TTJ this 
division into a geometric argument (lifting plr^^^ and a Galois-theoretic argument (lifting p o sa) 
seems to be the natural way to make arguments about motivic Galois groups over number fields 
(compare Lemma [T6.2.5l ). 

• On the automorphic side, representations of the global Weil group ought to parametrize 'poten- 
tially abelian' automorphic representations. In that case, the analogous lifting result is a theorem of 
Labesse ([ Lab85ll ). 

Before proceeding to more elaborate examples, let us clarify here that, even though we study lifting 
through central quotients, the nature of these problems is in fact highly non-abelian. That is, suppose we 
have a lift p: Qf,e H'^ of p: Qp^e He (we may assume H' and H are reductive; let us further suppose 
they are connected), and let r' and r be irreducible faithful representations of H'^ and He- If the derived 
group of H is not simply-connected, but its simply-connected cover Hsc injects into H', then typically / op 
will not lie in the Tannakian subcategory of JVIf,e generated by r o p and all potentially CM motives, i.e. 
objects of CMf,e (of course, it does in the example of Proposition 116.4.1] ). We make this precise at the 
Galois-theoretic level: 

Lemma 16.4.4. Let H' H, /, and r be as above. Let p: Fp ^ H{Qi) be a geometric Galois representa- 
tion having a geometric lift p: Tp H'{Qf). Assume that 

• the algebraic monodromy group of p is H itself; 

Zar 

• the kernel ofHsc H (p(rf )) H is non-zero. 

Then r' o p is not contained in the Tannakian sub-category of semi-simple geometric Q^-representations of 
Tp generated by r o p and all potentially abelian geometric representations. 

Proof. If r' o p were contained in this category, then there would exist an irreducible potentially abelian 
representation t ofTp and an injection r' o p ^ r ® (ri o p) for some irreducible algebraic representation 
ri of H. By Proposition 115.1.11 r has the form Ind£(i/' • oS) for some character ip and irreducible Artin 
representation o) of F^. By Frobenius reciprocity, there is a non-zero map (r' o p)|r^ \]j ■ {r\ o p)|p^ (gi a>; 



L 

both sides are irreduciblelHj so oj is one-dimensional, and absorbing o) into ip we may assume r' o p|r^ 



■ (r\ o p)lri- Comparing algebraic monodromy groups, we obtain a contradiction, since by assumption 

Zar 

Use n (p(Ff )) cannot mject mto G„, xH. □ 

In we will see many examples of p with full SO monodromy group; their lifts to GSpin will satisfy 
the conclusions of Lemma fl 6.4.41 

17. MoTivic lifting: the hyperkahler case 

17.1. Setup. The aim of this section is to produce a lifting not merely at the level of a single ^-adic repre- 
sentation, but of actual motives, in a very special family of cases whose prototype is the primitive second 
cohomology of a ^3 surface over F. More generally, we work in the axiomatized setup of IIAnd96ai That is, 
let {X, rf) be a polarized variety over a subfield F of C- this means that t] is an F-rational ample line bundle- 



and for a fixed k < dimX, we will consider the 'motive' Prim^^{X){k), as an object of yVtf lIj Precisely, rj 
yields its first Chern classes in H^(X){\) (again, the various realizations), and endowing //^^(X)(^) with the 
quadratic form 

{X,y)^ = {-\fx U J U T^dimX-li: ^ //2 dimX(.-5^^(jjj^ -5^^ ^ 

Prim^'^{X){k) is the orthogonal complement of H'^^~'^{X){k- 1)U?7. We will use cohomology with coefficients 
in some field, except for occasionally taking integral Betti cohomology, where these definitions should be 



^^^For the right-hand side, see Proposition II 5 . 1 . l1 the tensor product of a Lie-irreducible and an Artin representation is irre- 
ducible; of course, for the purposes of this lemma, we could just further restrict L. 



^^^We omit the 77-dependence from the notation. 
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made modulo torsion. In that case, the primitive lattice defines a polarized (by ( , integral Hodge structure 
of weight 0; we write h^''^ for the Hodge numbers. Andre proves his theorems, which include versions of 
the Shafarevich and Tate conjectures, under the following axioms: 

Au: h^'-^ = 1, /j"'" > 0, and hP''' = Oif\p-q\> 2. 

Bk'. There exists a smooth connected F-scheme S , a point s e S{F), and a smooth projective morphism 
f: X^S such that: 
-X = X,; 

- the Betti class tjb e H-^{X^\Z){1) / torsion extends to a section of f^'^Z(l) / tor sion; 

- letting S denote the universal cover of S(C), and D denote the period domain of Hodge struc- 
tures on Vz '■= Prim^'^{Xc, Z)(^) polarized by ( , )rj, we require that the image ofS^D contain 
an open subset. 

B^: For each t e 5(C), every Hodge class in H^'^{Xt, Q}{k) is an algebraic class. 
Ak is essential to the method, which relies on studying the associated Kuga-Satake abelian variety, which 
exists for Hodge structures of this particular form. B^^ is a statement about deforming X into a 'big' family. 
B^ is of course a case of the Hodge conjecture, which is always known when k = \ (the theorem of 
Lefschetz). But we provide these axioms merely for orientation. Of interest is the following collection 
of varieties for which they are known to hold: 

Proposition 17.1.1. The axioms A\, Bi, and B| are satisfied by: polarized abelian surfaces, surfaces of 
general type with h^'^\X) = 1 and 'Kx ■ "Kx = 1, and hyperkdhler varieties with b2 > 3 (in particular, K3 
surfaces). Cubic fourfolds satisfy A2, B2, and B^ 

This relies on the work of many people; see §2 and §3 of IIAnd96all . Finally, Andre observes that these 
axioms are independent of the choice of embedding F C; note that for Ak this is a special case of Remark 
116.3.21 

Remark 17.1.2. The proposition does not apply to hyperkahler varieties with Betti number 3, since their 
(projective) deformation theory is not sufficiently robust. In fact, it is believed that such hyperkahlers do 
not exist. Regardless, the motivic lifting problem in that case is quite easy, since the i-adic representation 
H'^{Xj,Q{) is potentially abelian. Proposition 1 1 6.4. 1 I therefore applies. More generally, this shows: 

Lemma 17.1.3. Let X/F be a smooth projective variety with bjiX) = 3. Then the motivic Galois representa- 
tion p: Qp — > SO(H^(Xc, Q)) factors through Tp and therefore, after some finite extension of scalars E/Q, 
lifts to GSpin(//2(Xc, E))& 

Notation 11. lA. • From now on we view F as a subfield of C, with F its algebraic closure in C. These 
embeddings will be used implicitly to define Betti realizations, motivic Galois groups (for Betti 
realizations), and etale-Betti comparisons, for varieties (or motives) over extensions of F inside F. 

• We write Vq for Prim^'^{Xc, Q){k), and for a prime £, we will write Vf for the ^-adic realization 
Prim^^{X-p, Qe)(k). Sometimes Prim^^(X)(k) will be used to indicate the underlying motive, i.e. 
object of Mf- 

• For fields E containing Q, we will sometimes denote the extension of scalars Vq. ®q E by Vp (or 
similarly for and V{). This is the Betti realization of an object Prim^^{X){k) of Mp^p. 

• The same subscript conventions will hold for other motives we consider, especially the direct factors 
of Prim^^{X){k) given by th e alg ebraic cycles (to be denoted Alg) and its orthogonal complement, 
the transcendental lattice (r)^^ 

• First assume dim Vq - m is odd. The group GSpin(VQ) may not have a rationally-defined spin 
representation, but it does after some extension of scalars, and over any suitably large field E, we 



'Of course, for E sufficiently large, this is the same as lifting across GL2.£ — » PGL2.£. 
These will be discussed in 317.41 
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denote by r^pm '■ GSpm(VE) — > Gh{WE) this algebraic representation. If m is even, we similarly 
denote by We = W+^e ® W-^e the direct sum of the two half-spin representations. In contrast to 
Ve = Vq (Eiq E, this We is not necessarily an extension of scalars from an underlying Q-space. 

Possibly after replacing F by a quadratic extension, we may assume that the Ff-representation is 
special orthogonal, i.e. pi'.Te SO{V[) c 0{Vc). Since for almost all finite places v, the frobenius fr^ 
acts on H^''~^{Xjr, Qf) and H^^{Xj, Q() with eigenvalues that are independent of £ ( ||Del74D . and trivially on 
the €-adic Chem class rjc, the eigenvalues of fr^ on Prim^'^{X-j, Q_c){k) are independent of (. Consequently, 
if det pf is trivial for one {, then it is for all €. We will from now on assume, for technical simplicity, that 
this determinant condition is satisfied. 

17.2. The Kuga-Satake construction. We outline Andre's refinement of the Kuga-Satake construction, 
which implies a potential version (i.e., after replacing F by a finite extension) of our motivic lifting re- 
sult. See §4 and §5 of IIAnd96all . His approach is inspired by that of lDel721 . in which Deligne used the 
Kuga-Satake construction (in families) to reduce the Weil conjectures for ^3 surfaces to the (previously 
known) case of abelian varieties. Let Vz be the polarized quadratic lattice Prim^^{Xc,'L){k) of the previ- 
ous subsection. Write m - 2n or m - 2n + \ for its rank. Basic Hodge theory implies that the pairing 
on is negative-definite on the sub-space (//''"' ® H^^'^)^, and positive-definite on h'^, hence has sig- 
nature (2, m - 2). Recalling the discussion of 916.11 this real Hodge structure yields a homomorphism 
/i: S — > SO(Vr) that lifts uniquely to a homomorphism /j: S — > GSpin(VR) whose composition Nspin ° h 
with the Clifford norm Nspin is the usual norm S — > G^.r- 

Let C{Vz) and C'iVz) denote the Clifford algebra and the even Clifford algebra associated to the quadratic 
space Vz- Let Lz be a free left C^(V'z)-module of rank one. Denote by the ring Endc+(Vz)(Lz)"''. Because 
of the 'op,' naturally acts on Lz on the right, and we then correspondingly have Endc+(Z^z) = C'*'{Vz)- 
The choice of a generator xq of Lz induces a ring isomorphism 

C^iVz) 

c ^{bx{) I— > bcx()). 

Via h and the tautological representation GSpin(Via) ^ C'^(Vir)^, Lz (8)z K. acquires a Hodge structure 
of type (1,0), (0, 1); the Hodge t ype is easily read off from the fact that Endc+(Lz) = C'^iVz) is also an 



isomorphism of Hodge-structureslllj or by recalling the remarks of 916.1l and listing the weights of the spin 
representation. Concretely (as in the original construction of Satake [Sat66| and Kuga-Satake LKS67J ). we 
can choose an orthogonal basis e\,e2 of (H^~^ ® //"''^)r, normalized so that {ei,ei) = -1 for / = 1,2. 
Then the automorphism of C^(Vr) given by multiplication by eiei is a complex structure, by the defining 
relations for the Clifford algebra. In fact, this integral Hodge structure is polarizable: this can be shown 
explicitly, or by a very soft argument (apply Proposition l.W.b.iW of I.Del72il ). We therefore obtain a 
complex abelian variety, the Kuga-Satake abelian variety KS{X) - KS {Xc,T],k), associated to our original 
Vz- The right-action of C"*" on Lz commutes with the Hodge structure, so C"*" acts as endomorphisms of 
KS(X). Generically, this will be the full endomorphism ring; we will have to be attentive later to how much 
bigger the endomorphism ring can be. 

One of the main technical ingredients in IIAnd96all is the following descent result, which uses rigidity 
properties of the Kuga-Satake construction: 

Lemma 17.2.1 (Main Lemma 1.7.1 of ||And96all ). Let (X, if) be a polarized variety over a subfield F ofC, 
satisfying properties and B^. Then there exists an abelian variety Af over some *finite* extension F' IF 
such that 

• The base-change Ac is the Kuga-Satake variety KS {X); 



'Giving C^(Vz) the Hodge structure induced from that on the tensor powers of Vz. 
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• there is a subalgebra C"*" o/End(A/r') and an isomorphism of'Z{\T p'^algebras 

Endc- (h\Aj,Z()) = C'-{Prim^\Xj,Z{){k)). 

We subsequently write Lc for the /'-adic realization H^{Af' ® F, Q(). The main result of the 'motivated' 
theory of hyperkahlers, (the foundation of Andre's results on the Tate and Shafarevich conjectures) is: 

Theorem 17.2.2 (see Theorem 6.5.2 of ||And96ai ). For some finite extension F' IF, Prim^^{Xf'){k) is a di- 
rect fixator (in Aip) of End (H^jAf)), and both Prim^^{Xf>){k) and H^Af) have connected motivic Galois 
group. 

Write p^: Qp' GL(Lq) and p^: Qp SO(Vq) for the motivic Galois (for the Betti realization) 
representations associated to H^{Ap) and Prim^'^{X){k). We will somewhat sloppily use the same notation 
p^ and for various restrictions of these representations (eg, to Qj). Note that by Corollary I16.2.8[ the 
image of p^ is the Mumford-Tate group of KS{X), which is easily seen to be contained in GSpin(VQ) - {x e 
C*{yqf ■ xVqx~^ - Vq). More precisely: 

Corollary 17.2.3. For some finite extension F' IF, p^ factors through GSpin(yQ) and lifts p^\gp,. A fortiori, 
pf lifts pjlr^,. 

Proof. Over C (or F), the image of p^ is MT(Ac), hence contained in GSpin(VQ). We can therefore compare 
the two maps 

^pW)^ ^ ^Q^y^^ ^ GL(c+(yQ)) X GL(c+(Vq)) , 

where n denotes the projection GSpin(yQ) SO(yQ). Under the motivated isomorphism 

C*{Prim^\Xc){k)) = End{H\A)) 

the adjoint action of p^ on End(LQ) agrees with the action of tt o p'^ on C^CVq), so the two compositions 
^c^GL(c+(yQ)) above coincide. Now, if m is odd, SO(yQ) ^ GL(C+(yQ)) is injective, so p^ - tt op^; 
that is, at least over C, p'* lifts p^. If m is even, we deduce that the compositions 

^p^^ Sq^Vq) X SO(yQ) ^ GUa^Vq) X GLiA^Vq) 

agreeJ!!3 The kernel of A^ : SO(yQ) ^ GL(A2yQ) is {+1} (and central), so we see that p^ and n o p^ agree 
up to twisting by some character : Qc ~* {±1} <^ SO(yQ). But clearly this character factors through Q^, 
where M - Prim^'^{Xc){k) ® Fl^{A), and by Theorem ll7.2.2[ is connected. Therefore x is trivial, and p^ 
lifts p^ as ^c-representations. By Lemma [T6.2.9[ the same holds for the corresponding ^-p-representations, 
and then as in Lemma [T6.2.5l the same holds over some finite extension F' IF. □ 

This result does not always hold with F' - F, and it is our task in the coming sections to achieve a motivic 
descent over F itself. The Kuga-Satake variety is highly redundant, and it is technically convenient to work 
with a smaller 'spin' abelian variety, many copies of which constitute the Kuga-Satake variety. Since the 
rational Clifford algebra Cq may not be split, this requires a finite extension of scalars EIQ, after which we 

can work in the isogeny category AV^, ^ of abelian varieties over F' with ^-coefficients. We take F' as in 
the Corollary, and now to ease the notation, we write simply A for Af. 

Lemma 17.2.4. There exists a number field E and an abelian variety BIF' with endomorphisms by E such 
that there is a decomposition in Ay^, ^: 

A (8)Q £■ = B^ " ifm - 2n + 1; 

A ®Q £■ = B^" ' ifm - 2n. 

'^^The filtration on C*(Vq) given by the image of V^-^' is motivated, since 0(V')-stable, so p'^ and n o p'^ coincide on the / = 1 
graded piece, which is just A'( Vq). 
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The i-adic realization H^{B-p, Q^) is isomorphic to the composite rgpin op^ as (E®Qi)[Tf']-modules, where 
as before denotes the representation Yf GSpin(V'^ ® E) obtained from L( ® E, and r^pm denotes 
either the spin (m odd) or sum of half-spin (m even) representations o/GSpin(y^ ® E). When m = 2n, B 
decomposes in AVp, ^as B+x B-, corresponding to the two half-spin representations. 

Proof. Choose a number field E splitting C^(Vq). Then, letting We denote either the spin (m odd) repre- 
sentation or the direct sum W+^e © W-^e of the two irreducible half-spin representations (m even), C'''{Ve) 
is isomorphic as GSpin(y£)-representations to W^ , or to W^ ^ ® W^ . As S-algebra it is then isomorphic 

either to End(W£) = M2»{E) or End(W+,£) ® End(W_,£) = M2„-i{E) ® M2„-i(£')E!] Using the orthogonal 
idempotents in C| = C^CV^), we decompose the object Ap> ®q E of AV^, ^ into 2" (when m is odd) or 2"~^ 
(when m is even) copies of an abelian variety B/F' with complex multiplication by E. □ 

We state a simple case of the main result of this section; for the proof, see 917.51 More general versions 
will be proven in stages, depending on the complexity of the transcendental lattice of Vq. 

Theorem 17.2.5. Let {X,t]) be a polarized variety over a number field F c C/or which Prim^^(Xc,Z)(k) 
satisfies axioms A^, B^, and B^. Possibly enlarging F by a quadratic extension, we may assume as above 
that for all €, det Ve = 1, so that the €-adic representation maps Tp to SO{V(). We make the following 
hypothesis on the monodromy: 

• The transcendental lattice Tq (see the discussion at the beginning of ^l7.4i has Endq-HodgeiTq) - 



• det(r^) = lEl 

Then there exists: 

• a finite extension E/Q 

• an object B of AV'^^; 

• an Artin motive M in Mf,e 

• for each prime AofE, a lift p^ 



Pi 



GSpin(y^ ® E,) — > GU,(We,) 



Tp > SO(Vf) c SO{V[ ® Ex) 



such that the composite r^pm ° Pa i^ isomorphic to some number of copieA^^A ofM> ® \H^{B^, Q^) ® E^ 



as E^-linear T p-representations. In particular, the system of lifts {pa}a is weakly compatible. It is even 
'motivic' in the sense of arising from a lift 

GSpin(y£) 
Qf,e SO{Ve). 

This theorem is an optimal (up to the 0{Vf) D SO{Vf) distinction) arithmetic refinement of the {a priori 
highly transcendental) Kuga-Satake construction, showing the precise sense in which it descends to the 
initial field of definition F. 



^■^'^Note that the field E can be made expUcit if we know the structure of the quadratic lattice Vz- See Example 1 1 7 . 3 . 1 I f or a case 
where £ = Q. 

I n 1 

Unlike the first hypothesis, this determinant condition is a technicality; it can again be arranged after an (independent of E) 
quadratic extension. Of course, in the generic case in which Vq = Tq, it is no additional hypothesis. 
1 11 

Which can be made explicit. 
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17.3. A simple case. To achieve the refined descent of Theorem 117.2.51 the basic idea is to apply our 
Galois-theoretic lifting results (which apply over F) to deduce Ff-invariance of the abelian variety B that 
we know to exist over F'; Faltings' isogeny theorem ([Fal83 |) implies that this invariance is realized by 
actual isogenics; then we apply a generalization of a technique used by Ribet ( ||Rib92|| ; our generalization 
is Proposition 117.6.31 ) to study elliptic curves over Q that are isogenous to all of their Fq-conjugatesj^^^ 
Ribet's technique applies to elliptic curves without complex multiplication, and we will have to keep track 
of monodromy groups enough to reduce the descent problem to one for an absolutely simple abelian variety. 
In some cases, a somewhat 'softer' argument than Ribet's works- we give an example in Lemma [17. 5. 4 j - 
but in addition to being satisfyingly explicit, the Ribet method seems to be more robust. 

But first we prove Theorem 117.2.51 in the simplest case, when the Hodge structure Vq is 'generic,' 
dim Vq = 2n + I is odd, and the even Clifford algebra C'^iVq) is split over Q. Our working definition 
of 'generic' will be that Vq contains no trivial Q-Hodge sub-structures (i.e., it is equal to its transcendental 
lattice), and that Endq-HodgeiVq) = Q. 

Example 17.3.1. If X/F is a generic K3 surface, then these hypotheses are satisfied. The A'3-lattice H'^(Xc, Z) 
is an even unimodular lattice of rank 22 whose signature over R. is (by Hodge theory) (3, 19). The classi- 
fication of even unimodular lattices implies it is isomorphic (over Z) to (-E^)®^ ® U®^, where E^ and 
U are the ^g-lattice and the hyperbolic plane lattice. Over Q, the orthogonal complement of the ample 
class 77 is isomorphic to (-^g)®^ ® U®^ ® {-qiif))^ where q is the quadratic form and {a) denotes the one- 
dimensional quadratic space with a generator whose square is a. Since PrinP-{Xc Q) is odd-dimensional, 
the basic structure theory of Clifford algebras (see Chapter 9, especially Theorem 2.10, of IISch85ll ) implies 
that C^{Prim^{Xic, Q) is a central simple algebra over Q, whose Brauer class is simply twice the Brauer class 
of E'^ plus twice the (trivial) Brauer class of U . This is obviously the trivial class, so C^(Vq) is in this case 
isomorphic to M2io(Q). More generally, this argument applies to Vq = Prim^{Xc, Q)(l) for X a hyperkahler 
satisfying: 

• b2{X) > 3; 

• //2(Xc,Z)iseven; 

• the number of copies of the Sg-lattice, i.e. the number hi^Dz^^ is even. 

Now, our 'generic' hypothesis implies that the Hodge group of Vq is the full SO(Vq) (more generally, see 
Zarhin's result, quoted as Proposition 117.5.11 below); it follows without difficulty that the Mumford-Tate 
group MT{Ac) is the full GSpin(VQ), and End*'(Ac) = Cq. By our second simplifying hypothesis, this 
Clifford algebra is isomorphic to a matrix algebra M2"iQ), and, writing Wq for the spin representation of 
GSpin(VQ), we have two isomorphisms of GSpin(VQ)-representations: 

CVq)^W/J'; 
C-'{Vq)ad = End(WQ), 

where GSpin(yQ) acts on the first C"'^(Vq) by left-multiplication, and on C'^iVqJad by conjugation (i.e., 
through the natural SO(VQ)-action). 

We may certainly enlarge F' to a finite extension over which all endomorphisms of Ac are defined, and 
the complex multiplication by Cq then gives an isogeny decomposition A ~ , where B/F' is an abelian 

variety with End"(B) - Q. We can take the spin representation Wq to be equal to H^{Bc, Q) (and, extending 
scalars and invoking comparison isomorphisms, we get identifications with other cohomological realizations 
of B- in particular, the ^-adic realization W( = Wq ®q Qf). 

Proof of Theorem \1 7. 2. 5\ when Vq is generic. We sketch the argument, with some details postponed until 
later sections- the goal here is to review Ribet's method and outline the argument in a simple case. We will 



'So-called "Q-curves", 
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now apply the technique of ||Rib92| in combination with our abstract Galois-theoretic lifting results. By 
Corollary 116.3. 6[ there exists a lift 

of , and we can normalize this lift so that in the spin representation its labeled Hodge-Tate weights 

ilTrirspin ° Pc) are of 'abelian variety '-type, i.e. 2"~^ zeroes and 2"~^ ones, for each t: F "-^ Q^E3 This 
normahzation determines pi up to finite-order twist, and it implies that p^lr^, is a finite-order twist of p^, 
since they both lift pjlr^, with the same Hodge-Tate data. We may therefore replace F' by a finite extension 
and assume 

Pf ^Pc\t,,- 

Since pi begins life over F, we see that p^ is Ff-conjugation invariant. The composition of p^ with the 
Clifford representation is 2" copies of the ^f-adic representation p^ associated to B, so p^ is also F/^-invariant. 
By Faltings' theorem, for each cr € Ff , there exists an isogeny jia-: '^B ^ B; we can and do arrange that /Iq- 
is defined first for a (finite) system of representatives cr, in Tp for G&\{F' IF), and then defined in general by 
Huih = Hat for all h e Yp'. The collection of //q- yields an obstruction class 



[cb\ e H\TF,Bnd\Br) = H\Tf,Q% 
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given by 

That is, cb measures the failure of the diagram 



Cb{0-, t)= p.o-0 "'/U^ O jjj^. 




"'B 

to commute. Now, the class cb may be non-trivial, and the abelian variety B may not descend (up to isogeny) 
to Nevertheless, Tate's vanishing result //^(F^, Q^) = tells us that there is a continous 1-cochain 
or: F/7 — > Q whose coboundary equals cb, i.e. CB(cr, r) = a{crT)a(T)~^ a(cr)~^ . By continuity, a is locally 
constant with respect to Tf for some finite F" /F', and it takes values in some finite extension Q{a) of Q. 
We now consider the restriction of scalars abelian variety C := Resf"/f (S)13 C is an abelian variety over 
F with endomorphism algebra = End''(C), which as Q-vector space is isomorphic to 



Homt 



Yl ''B,B =00//., 

ya-eGal(F"/F) ) cr 



where again we use the fact that End"(B-p) - Q. Write A^- for the element of corresponding to p.^- under 
this isomorphism. 

Lemma 17.3.2 (Lemma 6.4 of ||Rib92| ). The algebra structure ofR is given by A^-Ar = csicr, T)Aa-T, so there 
is a Q-algebra homomorphism a: ^ Qio:) given by the Q-linear extension of Aa- ^ a{cr). 

Since the isogeny category of abelian varieties over F is a semi-simple abelian category, we can form the 
object 

M - Res f"/f{B) <Si>R,a Q(Q')- 



^^'^For details, see Lemma [17. 5. 3 1 

^^^The local constancy of the isogenies yU^r implies this is a continuous cohomology class, with Q'^ equipped with the discrete 
topology. 

^■^^That triviality of this class is equivalent to isogeny-descent is Theorem 8.2 of |Rib92| . 
Here B is really the base-change to F", but we omit this not to clutter the notation. 
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We regard M as an object of ^^fQ^^^y with Q(a)-rank (in the obvious sense) equal to the Q-rank of B. 
Moreover, for any place A\£ of Q{a), the i-adic realization 

pf : ^ GLq(,),(M,) 

has projectivization isomorphic to the canonical projective descent to Tp of the F/z-invariant, irreducible 



representation of F/t" on H\Bj, Q(a)^)i^ So, pflvf,, and p^|r^„ = rspin°P[\Tf„ are isomorphic up to twist. 
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hence r^pin o p{ and are twist-equivalent as Ff-representations. The representation r^pm '■ GSpin(VQ) — > 
GL(Wq) is the identity on the center, so after identifying p^ to a representation on Wi ® Q(Q')i, we see that 
it factors through GSpin(y/ ® Q(Q')i) as a lift of pjf ® Q(Qf)^. The required motivic lift is the representation of 
@F,Qia) corresponding to //^(M)£3 and the various pf form a compatible system because they are formed 
from Tate modules of abelian varieties. □ 

17.4. Arithmetic descent: preliminary reduction. Now we proceed to a more general argument, making 
first some preliminary reductions to the analogous lifting problem for the transcendental lattice. We must 
invoke Andre's work on the Tate conjecture for X. 

Theorem 17.4.1 (see Theorem 1.6.1 of IIAnd96al ). Let (X, rj) be a polarized variety over a number ftelJ^ 
F satisfying A^, Bj., and B^. Then: 

• Prini^'^{X-p, Qi)ik) is a semi-simple F f -representation 

• the Galois invariants Prim^'^{X-p, Q_f){}if'' are all Qf -linear combinations of algebraic cycles; 

The Tate conjecture for //^*^(X) then implies: 

Lemma 17.4.2. There is an Artin motive Alg over F whose Betti realization is the subspace of Vq, spanned 
by algebraic cycle classes, and whose i-adic representation is the (Artin) Y f -representation on V^"" for 
any F' IF large enough (and Galois) that all of these cycle classes are defined over F' . The transcendental 
lattice T likewise descends to an object of AXp- In particular, there is an orthogonal decomposition 

Vc = Algt ® T( 
of Y f -representations (not merely Yf> -representations). 

Proof. Giving an Artin motive over F is equivalent to giving a representation of F/r on a (finite-dimensional) 
Q-vector space. In our case, the space (Q-span) of cycles for homological equivalence 

zI^{Xf>) ^ H\Xj,(le){k), 

or rather its intersection with V[, does the trick. Since the object Prim^^(X){k) of Mp is polarized, we can 
define T in AIf as the orthogonal complement of Alg. □ 

We will enlarge F' as in the Lemma, so that all algebraic classes in Prim^^{Xc, Q)(k) are already defined 
over F', and so that the motivic group 0^, is connected (see Lemma [16.2.51) . Note that Tq is an orthogonal 
Hodge structure of type (1, -1), (0, 0), (-1, 1), with h^'^^ = 1, so the Kuga-Satake construction applies to it 
as well (see Variant 4.1.5 of IIAnd96all ). Since the Kuga-Satake variety associated to Vq is simply an isogeny 
power of that associated to Tq, the latter, to be denoted A(T), also descends to some finite extension F' /F. 

We introduce a little more notation. After extending scalars to a sufficiently large field E (omitted from 
the notation unless we want to emphasize it) we denote by {r^pmy, Wy), {rspin^Aig, ^Aig), and (rspmj, Wt) 
the spin representations of these three spin groups; as before, by 'the' spin representation in the D„ case we 
will mean the direct sum of the two half-spin representations. 



1 9S 1 

Under the homomorphism K — > Endp^, ((B"^""'H (B, Qt), the Aa- permute the factors in the direct sum; the projection via 

H — > Q(a) collapses all the factors to a single copy with scalars extended to Q(a), i.e. to H' (B, Qf ) 0q Qia). This implies the claim 
about projective descents. 

'■^'^For more details on how to check this carefully, see CoroUarv l 17.4.51 

1 

Faltings works for finitely-generated extensions of Q, so this does as well. 
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Lemma 17.4.3. Suppose that p^^ factors through SO{Algt) x SO{Ti) ^ SO{V(]^ If we have found lifts 



p^'^ and p^ to GSpin{Alge ® Q^) and GSpin(r^ (gi Q^) such that r^pinAig ° Pf'^ <^nd r^pinj o are motivic, 
then has a lift pi'. Yp — > GSpin(y^ ® Q^) such that r spiny ° Pe is also motivic. If the individual lifts 
fspinAlg ° Pf '^'^'^ r spin J ° pj belong to compatible systems of i-adic representations, then the same holds 
for r spiny ° Pf E3 

Proof. The isomorphism of graded algebras (for the graded tensor product (§)) 

C{AlgQ)^C{TQ)^C{VQ) 
induces an inclusion C^iAlgq) (gi C^CJq) ^ C^iVq), and then a map (not injective) 

C^Algqf X C\TQf ^ C^iVqf, 
which in turn induces a commutative diagram 

GSpin(A/gQ) X GSpin(rQ) > GSpin(yQ) 



SOiAlgQ) X SOCJq) > SO{Vq). 

As long as p^ : Tf SO{Vi) factors through SO{Algf) x SO{T{), this shows that we can lift Algi and 
Tc in order to lift Ve. We next want to understand the restriction to GSpin(A/g£) x GSpinCr^) of the spin 
representation of GSpin(V£); Just for this argument, we will ignore the similitude factor, i.e. work with 
weights of Spin rather than GSpin. We can write bases of the character lattices of SOiAlgp), SO{Te), and 
S0( Vfi) as, respectively, Xi, ■ ■ ■ ,Xa, Xa+\, ■ ■ ■ ,Xa+t, and 

Xi, ■ ■ ■ ,Xa+t if either dim(r) or dim(AZg) is even; 

Xi, ■ ■ ■ ,Xa+t+\ if both dim(r) and dim(AZg) are odd. 

The set of weights of the spin representation of so(A/g£:) (and similarly for the other cases) is then all 2" 



weights of the forrr 
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a 



(=1 

In the case where at least one of dim(r) and dim(A/^) is even, we see that the weights of WAig ^ Wj are 
precisely those of W'i/|GSpin(A/g£)xGSpin(r£), and therefore Wy = WAig ^ Wj as GSpin(A/g£) x GSpinCr^)- 
representations. When both dim(r) and dim(A/g) are odd, weight-counting gives Wy = (WAig ^ Wr)®^. 

Thus, if we have found lifts p^'^ and p^ (to GSpin(AZg^ (g Q^) and GSpin(rf (g) Q^)) such that rspin,Aig°P^'^ 
and rspinj ° p^ are motivic (respectively, belong to compatible systems of /'-adic representations), then the 

resulting lift to GSpin(V'f(g)Q^), in its spin representation, is a direct sum of tensor products of motivic Galois 
representations (respectively, Galois representations belonging to compatible systems), hence is motivic. □ 

Corollary 17.4.4. If det T[ - \ as Ff -representation, and if we can find a lift p^ of p^ such that rspinj ° pj 
is motivic (respectively, belongs to a compatible system), then we can do the same for pjf. 

Proof. Since Alg( is an Artin representation, Tate's vanishing result allows us to lift to an Artin representa- 
tion p, * : Ff ^ GSpm{Alg{ ® Q^). The corollary follows. □ 



131 

At worst, ensuring this requires making a quadratic extension of F. 



1 

Recall that objects of Mf are not in general known to give rise to compatible systems. 
l^^The unil 
representations 



1 33 

The uniform description of the weights in the even and odd cases results from taking the sum of the two half-spin 
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Corollary 17.4.5. As in Corollary \17.4.4\ assume that det Tc - 1, and that for some number field E, and 
place A\£ofE, we can find a lift : Vp GSpm{T[®(^fEx) such that r spin j °p\ is the A-adic realization of 
an object M of A\f,e whose base-change to some F' /F is one of the spin direct factors of the Kuga-Satake 
motive (with scalars extended to E) associated to Tq (see Lemma U7.2.4i . Then possibly enlarging E to a 
finite extension E', there is a lifting of representations of the motivic Galois group Qf^e'- 

GSpin(yQ ® E') 

fe' ^^SO(Vq®£')- 
p 

Proof. The Artin representation is definable over Q, and lifts to GSpin(A/g£-j ) after making some finite 
extension Ei/Q. The conclusion of the corollary will hold with E' equal to the composite EiE. We check 
it using the same principle as in the proof of Proposition I16.4.U that is, we check 'geometrically' (for 
the restriction to 0j p) and for the i-adic realization. By Corollary I17.2.3I the motivic representation 
pACT) ^_ ^jjj extension of Qy p, factors through GSpin(r£:') and lifts p^ : Q-p p SO(Te')- Since 



H^{A{T)) ®Q E' is just some number of copied of M, the same is true of p*'. By assumption, the A 



adic realization is just r^p,„ o pj, so this also factors through GSpin(r^i), lifting pj. Using the section 
sx : Tf Qf,e'{E'^i), so that Qf,e'{E'-^) - sx(Xf) ■ e'^^'a^' conclude as in Proposition |16.4.1| that p^ 
hfts p^ ®E'. 

Combining p*^ with the lift of p^'^, as in Lemma [17.4.3I we similarly find a Uft to GSpin(yQ ®q E') of 
our given p^ : Qf^e' ^ SO(Vq ®q £")■ □ 

17.5. Arithmetic descent: the generic case. To summarize, we have reduced the problem of finding mo- 
tivic lifts of the motive (over F) Prim^'^(X){k) to the corresponding problem for the transcendental lattice T. 
In this section we treat the 'generic' case in which the Hodge structure Tq has trivial endomorphism algebra, 
using a variant of Ribet's method (which will return in 917.61 ) We isolate this case both to demonstrate a 
slightly different argument, and because the non-generic cases will require even deeper input, Andre's proof 
of the Mumford-Tate conjecture in this context (see Theorem 117.6. lb . The starting-point of the analysis of 
the motive T is Zarhin's calculation in HZarSBI of the Hodge group: 

Proposition 17.5.1 (Zarhin). Let Tq be a Q-Hodge structure with orthogonal polarization and Hodge num- 
bers h^'~^ = 1, /j*'" > 0, and /i'''^ = 0if\p — q\>2. Moreover assume that Tq contains no copies of the 
trivial Q-Hodge structure. Then Ej - Endq- HodgeiTo) i^ ci totally real or CM field, and Tq is a simple 



MT{TQ)-module. There is a non-degenerate Er-hermitian ^ ^1 pairing 

{,}'■ TqxTq ^ Et 

such that 

mt{Tq) = Aut(rQ, < , >£) c so(rQ). 

For the rest of this section, we assume that EndQ_//orfge(7"Q) = Q; the Mumford-Tate group MT{Tq) is 
then the full SO(rQ). 

Lemma 17.5.2. Assume EndQ-^Hodge{TQ) = Q. Then the Mumford-Tate group, and therefore the motivic 
Galois group, of the Kuga-Satake variety A{T) is equal to GSpin(rQ). Consequently, End*'(A(r)) = Cq = 
C+( 



Proof. Easy. □ 



^•'^2' for dim T odd; 2' ' for dim T even. 

1 

In tiie case of totally real Ej, this means symmetric. 
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We now choose a number field E/Q splitting C'*'{Tq), and consider the decomposition in AV^, ^ 

A{T) ~ B{Tf if dim(rQ) = 2t + \; 

A{T) ~ B{Tf ' ~ (B+(r) X B^{T)f"' if dim(rQ) = 2t, 

as in Lemma [T7.2.4| We saw in Corollary 117.2.31 that p^^^^ factors through GSpin(rQ) and lifts p^; viewing 
p^(r) jjj GSpin(rQ), we then have the relation r^p,-,, o (jjA^^^ iS)E) = p^^^\ taking the Betti realization of B{T) 
to be our model for the spin representation. We let Bq equal B{T) in the odd case and Bj^{T) in the even case. 
Similarly, we let ro denote r^pin or one of the half-spin representations (which we may assume corresponds 
to B+{T)). We also for convenience fix an embedding E ^ . 

Lemma 17.5.3. (Without any assumption on EndQ-HodgeiTo)) There exists a lift p^ : — > GSpin(rf ® Q^) 
o/pj and a finite extension F" IF' such that 

Proof. As in the arguments of ^T3l we first choose a lift Ff GSpin(rf ® Qf) with finite-order Cliff"ord 
norm. In the root datum notation of ^TTl the Hodge-Tate cocharacters /Ut of p^, for all r: F "-^ Qi, are 
(conjugate to) Ai, and the finite-order Clifford norm lifts have Sen operators (up to conjugacy) corresponding 



T36l~ , .■ . ^ — X 



to the 'co-characters 1 I jj-r = Ai. We can modify this initial lift by twisting by Aqo to', where a>' : Yf —> 
is a Galois character whose square differs from the inverse a»"' of the cyclotomic character by a finite- 
order twist (such co' exists for any F). This gives a new lift p^ whose composition with the Clifford norm 
(which, recall, is 2xo in our notation) is a>"\ up to a finite-order twist, and whose r-labeled Hodge-Tate 
weights in the spin representation are 1 and with equal multiplicity (compare the argument of 916.11 ). 
Then rsp,„ o pjlr^, differs from H\B{T)j, Q^) (gi£- by a finite-order twist, hence they are isomorphic after 
some additional finite base-change F" /F'. □ 

Lemma 17.5.4. There is a factor M ofRe.SF"/FiBo) (viewed as an object of AVp^), having endomorphisms 
by a finite extension E' / E, and an embedding E' ^ Qf extending our fixed E ^ such that the associated 



{-adic realization M r^^ is isomorphic as Qi[Y f]-representation to ro o pj. 
Proof. By the (^-linear) Tate conjecture, 

End^,,o^ (Resf»/f (Bo)) ®£ = ^^^^r,] (lnd^„(//kBoJ' Q^) ®£ Qf)) ■ 
The Galois representation being induced is ro o p^, and inside this endomorphism ring we can consider 

^°"^Qf[rf ] ('■o ° P^' Indp,(ro o pj)) , 
which by Frobenius reciprocity is just 

since End, (Bo) - E. In other words, there is a unique Qf-line in End .^o (Resf "/f (Bq)) ®e Qf consist- 

*^F",E F,E 

ing of projectors onto the ro o p^-isotypic piece of the /'-adic representation. Decomposing the semi-simple 
fi-algebra End^yo (Resf/^ (Bo)) into simple factors, we see that this line Uves in a unique simple compo- 
nent (tensored with Q^), which itself must be just a finite field extension E' of E (else the ro o p^-isotypic 
piece would have multiplicity greater than 1); it then corresponds to exactly one of the simple factors of 
E' Q^, i.e. a particular embedding £" Q^. We can therefore take M to be the abelian variety corre- 
sponding to this factor E'; M has complex multiplication by E', and via this specified embedding E' ^ Q^, 
the /'-adic realization Mf is isomorphic to ro o p^. □ 



^^^That is, in the the co-character group tensored with Q. 
1^'^Via E' ^ Qf : that is, Mt := H\Mj, Q_t) ®e' Qe- 
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Remark 17.5.5. This is at its core the same proof as given in 917.31 the latter proof is probably more 
transparent, but this one is somewhat 'softer.' I don't think it translates as well to the more general context 
of gi7.6[ however. 

Corollary 17.5.6. Theorem \17.2.5\ holds for the motive Prim^'^{X){k) over F. 

Proof. When dim(rQ) is odd, we are done, by the previous lemma and Corollaries I17.4.4l and ll7.4.5l When 
dim(rQ) is even, we take the output M in AVj!^, of the previous lemma, view it in Mf,e', and form the 
twisted dual M^(-l). This object corresponds to the composition of the other half-spin representation with 
p^n3 and we can now apply the earlier corollaries to M ® M^(-l). □ 

17.6. Non-generic cases: dim(rQ) odd. To study the non-generic case EndQ-//oc/ge(rQ) ^ Q, we have to 
understand the {-nAic algebraic monodromy groups of the representations p^, i.e. the €-adic analogue of 
Zarhin's result. Fortunately, Andre has also proven the Mumford-Tate conjecture in this context: 

Theorem 17.6.1 (see Theorem 1.6.1 of ||And96al ). Let {X, rf) be a polarized variety over a number fiel^^ 
F satisfying A^, Bk, and B^. Then the inclusion p^iTp) "-^ G^p ®Q of the algebraic monodromy group 
into the £-adic motivic Galois group ofV = Prim^'^{X){k) is an isomorphism on connected components of 
the identity. 

Recall that over the field F', we may assume the groups piiTp')^'"^ and are connected, and therefore 
isomorphic. Combining Theorem 6.5.1 of IIAnd96all with Andre's result that Hodge cycles on abelian vari- 
eties are motivated, and with Zarhin's description ([Zar83]) of the Hodge group of the transcendental lattice 
T^^{Xc, Q)ik), we obtain (see Corollary 1.5.2 of I.And96aj '): 

Corollary 17.6.2. The semisimple Q-algebra Ej := End^r (7) is a totally real or CM field, and there is 
a natural Ej-hermitian pairing { , )ej '. T X T ^ Ej. The motivic group (which equals the Mumford-Tate 
group, and equals, after ®qQc, the £-adic algebraic monodromy group) Q^, is then isomorphic to the full 
orthogonal (Ej totally real) or unitary (Ej CM) group 

Aut{T,{,)Er)^SO{TQ). 

Before continuing, we formulate a variant of Ribet's method with coefficients: 

Proposition 17.6.3. Let F' IF be an extension of number fields, and let EIQ be a finite extension. Suppose 
we are given an object B ofAVp, ^ such that for some embedding E Q^, the associated i-adic realization 
B[ = H^(Bj:,Qf) (g)£ Qi satisfies the invariance condition = B(for all cr e Ff. Further assume that 
End^yo (Bj:) = E^^ Then there exists a finite extension E' IE, an extension E' ^ Qg of the embedding 

F.E 

E "-^ Q[, a number field F" IF', and an object M of AV^^, such that 

(h\Mj, Qe) ®E' Q^) lr^„ = Bi\r^„ . 
That is, B, up to twist, has a motivic descent to F. 

Proof This is proven as on page[88l using the E'-linear variant of Faltings' theorem: 

Hom^yo^ ^ {"B, B) ®E ^ HomQ^jj.^,^ (h\''Bj, Qi) ®e Qe, h\Bj, Qi) ®£ Q^) . 



^^^The two half-spin representations of GSpin2„ have highest weights -xo + ^CZIi^i Xi + Xn) (for tq) and -xq + ^iY!'i=l Xi ~ Xn) 

(for the other half-spin representation), so the lowest weight of ® (-2^o) is -Xo ~ ^(Y!'i=\Xi)^ which is visibly the lowest weight 

of the other half-spin representation. 
1 3Q 

Or, again, a finitely-generated extension of Q. 
HO-pi^jg necessarily holds for B in A V^, ^ as well. 
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In the notation of the earUer proof, M - Resf /f{B) Q_{a) is the required motivic descent, to an 
isogeny abelian variety over F with Q(Q')-muItiplication (so in the statement of the proposition, E' "-^ Q( is 
Q(Qf) c Q Q^, extending the initial E ^ Qf). □ 

We now assume that dimQ Tq is odd, say of the form cd where d = Id^ + \ - \Ej : Q]. In particular, 
Ej is totally real. Let and B{T) be as in Lemma [17.5.3I and replace F' by a large enough extension to 

satisfy the conclusion of that lemma, and such that (p^CF/-/))^"'' is connected. Recall that B{T) is an object 
of AV^, ^ for some finite extension EjQ large enough to split C^{Tq). Corollary 117.6.21 implies that 



-Zar 

(pj ® ^eWF') = n SO,(Q,) c SOcd 



Restricting the spin representation Wed of sOcrf(Q^) to Of so^ (Q^ ), we obtain (via a weight calculation as in 
Lemma [17.4.31 and writing Wc for the spin representation of soc) 

Wcd\u^,^ = {^iw,f\ 

The Lie algebra of the lift is one copy of the additive group times the Lie algebra of p^ ® Q^, and 
this Qa acts by scalars in the spin representation, so Vsptn ° P^lr^, has an analogous decomposition as 2^" 
copies of some (absolutely. Lie) iiTcducible representation W of Tf. For a suitable enlargement £" of E 
(and extension E' ^ Qf), and F" of F', we can realize W as H\B{T)' , Q/) ®e' Q.e for an object B{T)' of 



AV^„ I Then End^yo {B{T)') = E', and the isomorphism r^p,,, ° pi = {W')^"" implies F^-conjugation 



F".E' 

invariance of W. Thus we can apply Ribet's method to deduce: 

Lemma 17.6.4. There exists a finite extension E" IE', an embedding E" ^ Q( extending the given E' "-^ 
Q/;, and an object M ofAV^^,, such that 

for some still fiirther finite extension F'" jF". 

Let Me denote the associated {-adic realization (via E" ^ Qf). Since r^pm ° is Lie-isotypic, and M( 
is a descent to Tp of its unique (after finite restriction) Lie-irreducible constituent. Corollary 115. 1.21 shows 
that there is an Artin representation co of F^ such that 

Possibly enlarging the field of coefficients yet again, we deduce: 

Theorem 17.6.5. Suppose dim Tq is odd, and that det Tf = \ (as T f -representation). Then there exists 

• a number field E and an embedding E Q^; 

• an object M of Aif g that is a tensor product of an Artin motive and ( the image of) an object of 

• and a lift : Tp ^ GSpin(r^ g) Q^) of p^; 

such that r^pin ° p^ is isomorphic to the €-adic realization (via E ^ Qf) of M. Moreover: 

• pj lives in a weakly-compatible system of lifts; 

• pj actually arises from a lifting of representations of the motivic Galois group Qfj?, as in Theorem 
\17.2.5\ 



More precisely, we need the decomposition of Wcd\Y\ so^ to be defined over E'\ the first claim then follows from Fallings. The 
extension F" jF' is needed to decompose B{T)j®e E' over some finite extension. 
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• The same conclusions hold with the motive V = Prim^^{X){k) in place of its transcendental lattice 
T (and, again, a possible enlargement of E). 

Proof. The number field E is the composite (inside the ambient Q^) of the field E" and the field needed to 
define the Artin representation u). To conclude the proof of the theorem, we make three observations: 



• Mpj7 is Tannakian (note that we already know that and co are motivic); 

• M and a» both give rise to compatible systems of ^-adic representations; 

• Corollary I17.4.5l applies to lift the representations of motivic Galois groups. 

□ 

17.7. Non-generic cases: dimTQ even. We do not fully treat the case of even-rank transcendental lattice, 
but here give a couple examples, describing the 'shape' of the Galois representations in light of Proposition 
[T5TT] 

First, continue to assume Et is totally real. Let dim Tq = 2n = cd, with d = [Ej : Q]. For any N, denote 
by W2N.± (for each choice of ±) the two half-spin representations of 502N, and continue to write 1^2^+1 for 
the spin representation of 502n+i- 

Lemma 17.7.1. When c is even, the restriction Wcd,+\Y\ so,, is given by 

nf,=i 

where the indexing set ranges over all choices of signs with - occurring an even number of times. This is a 
direct sum of distinct Lie-irreducible representations. 
When c is odd, so d - 2do is even, 

a single Lie-irreducible representation occurring with multiplicity 2'^"-! 

Now, recall (Lemma 117.5.31 ) that after a sufficient base-change F' IF, we can find an abelian variety 
B^{T) (with coefficients in a number field E, embedded in Q^; we may by extending scalars assume E is 
large enough that the above decomposition of spin representations is defined over E), and a lift such 

that r+ o p^lr^, is isomorphic to H^{B+{T),Q() (8)£ Q^^. We assume F' sufficiently large that this Galois 
representation is a sum of Lie-irreducible representations. 

Proposition 17.7.2. Suppose c is even. Then motivic lifting holds for . 

Proof. Since c is even, the previous lemma shows that r+ o is Lie-multiplicity-free, hence is a direct sum 



of inductions of non-conjugate. Lie-irreducible Galois representations. If noipi) is trivial, in which case 



also has connected monodromy groupie then no inductions occur in this decomposition, so each factor 



lEi^Wf ^. in Lemma [17.7.11 corresponds to a Lie-irreducible factor of r+ o pj, as Ff-representation. Each of 
these factors is, over F' , of the form 

where 5^ is an object of AVp, ^ with endomorphism algebra just E itself (the usual application of Faltings' 
theorem, using the Lie-multiplicity-free property, and the fact that the spin representation decomposition 
holds over E). By F^ -invariance of each factor, we can apply Proposition 117.6.31 to produce an object 
M, ofAV^pj, , for some finite extension Ef;/E inside Q^, with M^j\y^, isomorphic to a finite-order twist of 

H^{Bf;,Qe) Qf. By Lie-irreducibility, some finite-order twist (a character of Gai{F'/F), in fact, and, 



^'^^Precisely, M 0e" E. 

^^^Since it contains the center of GSpin; the sort of example this avoids is p// ai^ , where / is a classical modular form of 
odd weight k. 
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again, we may have to enlarge E^) M'^ of has £-adic reaUzation isomorphic to the corresponding factor 
of r+ o pj. Inside the ambient Q[, we take the compositum E' of the various f^, extending scalars on each 
M'^. Then the object ©^M^ of Mf,e' satisfies the hypotheses of Corollary ll7.4.5[ so we deduce the existence 
of the desired motivic lift. 

So as not to try the reader's patience, we sketch the case of non-connected monodromy. Take the (motivic) 
Lie-irreducible factors of r+ o p^|r^, , and partition them into Ff-orbits. Fix a representative Wi of each orbit, 
and consider the stabilizer Tf. in Tp of Wi. Arguing as in Proposition 117.7.21 we can apply Ribet's method 
to descend each Wi to an object Mi of Alf,,£, for some extension £",- of E inside Q^. Moreover, twisting 



yields an M'. whose ^-adic realization is isomorphic to a factor of r+ o p^l^ Then we can induce (the 
representation of motivic Galois groups) from F, to F to obtain our motives over F. This completes the case 
of even c (and Ej totally real). □ 

Having demonstrated the available techniques in a couple of quite different situations (namely, where the 
lifts range between the extremes of being Lie-multiplicity-free and Lie-isotypic), we stop here, remarking 
only that when Ej is CM, the analysis must begin not from Lemma [T7.7.1l but from the restriction Wcd,+ln gi^. 
the product ranging over pairs of complex-conjugate embeddings Ej Qf. This restriction is given by: 

Lemma 17.7.3. Suppose d = 2do is even, with notation otherwise as above. We denote irreducible represen- 
tations of glc by W{r), where W is an irreducible representation of sl^, and (r) indicates that the restriction 
to the center c gl^ is multiplication by r. Then, letting Vi denote the standard representation of the i''' 
copy of sic 

^^^.+ln;'M.^ A''vi{'--i,)^...^A'''ov*/--i,,). 

Remark 11.1.4. • Note that the representations occurring here do not necessarily extend to represen- 

tations of GLc, since c may be odd; they do extend on the (connected) double-cover of GL^. 
• In particular, we see that when Ex is CM, r-^- o is Lie-multiplicity-free. This suggest proceeding 
as in Proposition ! 17.7.2[ although we will stop here. 



18. Towards a generalized Kuga-Satake theory 

18.1. A conjecture. It is fair to assume that one could establish a motivic lifting result for the remain- 
ing hyperkahler cases. More important, these lifting results clamor for generalization. Motivated by the 
Fontaine-Mazur conjecture. Theorem 113.0. 13[ Proposition 116.4. ll and Theorem 117. 6. 5[ we are led to the 
following much more ambitious conjecture: 

Conjecture 18.1.1. Let F and E be number fields, and let H' -» H be a surjection, with central torus 
kernel, of linear algebraic groups over E. Suppose we are given a homomorphism p: QpE ^ H. Then ifF 
is imaginary, there is a finite extension E' IE and a homomorphism p: Qf,E' Hp lifting p (g)^ E'. If F is 
totally real, then such a lift exists if and only if the Hodge number parity obstruction of Corollary \13.0.12\ 
vanishes. 

To indicate the scope of this conjecture, let X/F be any smooth projective variety, and consider for any 
k < dimX the motive H^'^{X){k) (or Prim^'^{X){k), having chosen an ample line bundle). This gives rise to 
an orthogonal representation of Qf, and the conjecture in this case (for GSpin SO, or the variant with 
the full orthogonal group in place of SO) amounts to a generalization of the Kuga-Satake construction to 
arbitrary orthogonally-polarized motivic (over F) Hodge structures. For other choices of H' and H (for 



^^he isomorphisms Homr^ (Mi , V) = Homp^, (Ind^;(M,), V) = Homr^^ (M, i8> [Gal(F7F,)], V), with V = r+o p] , imply this 
claim, using the fact that M, is Lie-irreducible and after finite restriction occurs with multiplicity one in r+ o . 
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instance, GL,j PGL„, where necessarily we will have coefficient field larger than Q), the conjectured 
generalization is even more mysterious!^ 

Note the importance of the technical Lemma [T6.4.2l to build our confidence in this conjecture. Let H' 
H he a. morphism of groups, say over Q, as in the conjecture. One way of formulating the Fontaine- 
Mazur conjecture is that 0F®QQf should be isomorphic to the Tannakian group for the Tannakian category 

Rep£:'^*(r/7) of semi-simple geometric Qf-representations of Tf. In particular, a geometric hft pc'.Tf 

Qf 

H'iQf) of pf-.Tf^ H{Qf) should arise from an algebraic homomorphism of Q^-groups (g) — > HL . 

Qe 

Lemma [T6.4.2l then tells us that if p arises from some 0f '8)Q^ H, then we can find a lift p : Qf ® Q ^ //' 

of homomorphisms of Q-groups. 

Now that we know to look for such a thing, we conclude by giving one more example in which it is easy 

to construct a 'generahzed Kuga-Satake motive.' 

18.2. Motivic lifting: abelian varieties. If A/C is an abehan surface, then //^(A,Q) = A^H^{A,Q) has 
Hodge numbers h^'^ = 1 and h^~^ = 4. The classical Kuga-Satake construction then associates to A another 
abelian variety, KS(A), with rational cohomology C"'"(//^(A, Q)) (or the analogue with Prirn^{A,Q), if we 
have fixed a polarization), and a theorem of Morrison ( ||Mor85D asserts that KS(A) is isogenous to A^ (or 
A^ if we work with Prim^{A, Q)). We now show that this construction can be generalized to abelian varieties 
of any dimension. 

Let F be any subfield of C, and let A/F be an abelian variety of dimension g with a fixed polarization. 
Consider the algebraic representation 

p: Qf ^ GSp(//i(Ac,Q)) = GSpj^, 

or, for the theory over C, its restriction to Qc- We will compose p with a homomorphism GSp2^ GSpin^y 
for suitable N to produce the generalized Kuga-Satake motive. Let W = H^{Ac, Q), and let r^j+e^ : Sp(y) 
GLiVg^+e^), in the weight notation of ^TTl denote the irreducible representation of Sp(y) obtained as the 
complement of the trivial representation in A^{W). This absolutely irreducible representation, defined over 
Q, has image in SOiVei+ej)' where the quadratic form is induced from the pairing canonically induced 
on A^{W), and which coincides with the induced polarization on Prim^{Ac Q). Since Sp(VK) is simply- 
connected, there is a lift to an algebraic homomorphism r: Sp(W) Spin(Ve,+(,2)E3 The dimension of 
Vej+e^ is (2^) ~ 1' which is odd (= In + \)if g is even, and even {= 2n) if g is odd. In either case, we have 
the representation r^^r,, of Spin(V'^j+e2)Q having highest weight Tir„ = ^'=1^' Ji^ 

Lemma 18.2.1. Let c denote the non-trivial (central) element of the kernel o/Spin(Vgj+e,) S0{Vei+e2)- 
If g = 2, 3 (mod 4), then f{-\) - c, and if g = 0, 1 (mod 4), then r(-l) - 1. 

Proof. In all cases, rg^j,e^{-\) = 1, so r(-l) equals either 1 or c. Since c acts as -1 in any of the spin 
representations (c is the element -1 of the Clifford algebra), it suffices to compute rnr,, ° ^(-1)- The weights 

of Vei+ei are 

{±{ei + ej)}i<i<j<g U {ei - ej}i^j, 



'^^Compai-e Lemma [76A4l 

^^^Over C this follows from standard Lie theory, and such a homomorphism descends to Q (see Lemma [16.4. 2t : since the map 
of Lie algebras sp(lV) — > 50(^^1+^,) is defined over Q, we see that the map over Q is FQ-invariant, hence descends to a morphism 
over Q. 

^^^We use the common fundamental weight notation here. This is the spin representation in the odd case; one of the half-spin 
representations in the even case. 
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except with one copy of the weight zero deleted (so that zero has multiplicity g - I rather than g). It follows 
that r^,, o r has a weight equal to 



^ {ei + ej)+ ^ (ei-ej) ^ - 
J<i<j<g i<i<j<g ) '=1 

In particular, rn^,, ° r(-l) is multiplication by (-l)ste-i)/2^ and the lemma follows. □ 

Corollary 18.2.2. r: Sp(W) Spin{Ve,+e2) extends to an algebraic homomorphism GSp{W) GSpin(Ve,+e2)- 
Ifg = 2, 3 (mod 4), f/jen this map can be chosen so the Clifford norm coincides with the symplectic multi- 
plier; if g = 0, 1 (mod 4), then this map can be chosen to factor through Spin(Vei+e2)- The composition 

Qf ^ GSp(W) ^ GSpin(K,+,,) ^ GL(C+(y,,+,,)) 
defines the generalized Kuga-Satake lift of A. 

Proof. This follows immediately from Lemma [18.2.1l and the identifications: 

G^ X Sp(lV) 



<(-l,-l)> 



GSp(W) 
GSpin(y^,+e2). 



((-l,c)> 

When g = 2, 3 (mod 4), we take the map G,„ — > G„, to be the identity, and when g = 0, 1 (mod 4), we take 
it to be trivial. □ 

Remark 18.2.3. • Repeating the above arguments with A^{W) in place of V^j+gj, we can similarly 
construct hfts Qp GSpin(A2(W)). 
• When g = 2, this recovers the classical construction. In that case, the composition r^,, o f is the 
identity, and, decomposing C^iVe^+ei) as 4 copies of rcT,^ (as GSpin(V'ej+e,) representation), the 
identification (up to isogeny) KS (A) ~ is nearly a tautology. 

The motivic formalism now tells us that rc7^_ o r o p is (the Betti realization of) an object of yVt^ . Since 



the ^-adic realizations of p form a weaklvl'^l compatible system, the same is true for the f-adic realizations 



of this Kuga-Satake motive. In this case, however, we can say more, and will realize this explicitly (and 
unconditionally) as a Grothendieck motive. The first step is to compute the plethysm r^,, o r; we will do 
this, but first mention an equivalent, structurally appealing plethysm. First we treat the D„ case, that is when 
d = 2g = dimH^{X) satisfies In = ^2); this amounts to dim X being even. Let V = H^{X) = a'^W. We use 
the following (common) notation for fundamental weights of D„: 

• vji - x\ + ■ ■ ■ +Xh and Tct, = A'V, for / = I, ... ,n - 2; 

• tu,j-i = ^'+-+^"-1"^" ^ = and rnT„_i, ?'ct„ are the two half-spin representations. 
As representations of S02n, we have the following identity: 

2n 

^A'iV) = ir^„_,er^f\ 

The plethysm problem that we expect to solve, then, is to describe a representation rKS{X) of Sp(W) such 
that 

0AWW)-(rj,5(x/'. 

(=0 

(More ambitiously, we could attempt this with A^*(W) instead.) Similarly, in the B„ case, we have funda- 
mental weights m,- = i*^^ ^ - 1, ■ ■ ■ ,« - 1, and to-,, - corresponding, respectively to the wedge 



^^^In fact, strictly. 
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powers a'V of the standard representation (r^^) and the spin representation. As representations of so2„+i, 
we have the identity 

(=0 

so in this case we want a representation rics of Sp(W) satisfying 



0A'(A2(W)) = rf,. 
i=0 



Proposition 18.2.4. Writing oj,- (i = 1, . . . ,g)for the usual fundamental weights^^l of Co. then in all cases 
(g odd or even) we have 

as Sp{W)-representations. Here A* denotes the full exterior algebra. This is deduced from the above dis- 
cussion and the two calculations: 

• (even) As Sp{W)-representations, 

• (odd) As Sp{W)-representations, 

Proof. We treat the even case, the odd case being essentially identical. There are g^ - g non-zero weights 
in A^(W), and the weight zero occurs with multiplicity g. The weights of (r^^^^ ^ ® r^,,) o r are sums of plus 
or minus any n - g^ - ^ weights of A^{W), then the total divided by two. It follows that the highest weight 

of (rn7„_i ® r^J o f is, as previously computed, Zf^/ w,-, but moreover that it occurs with multiplicity 2^^^ 
(here j = n-{g^ - g); we can choose the weight +0 or -0 this many times). It follows that (rcj^ , ® r^J o f 
contains 2^^^ j ; by dimension count (see the following Lemma fl 8.2.51 ). they are isomorphic. □ 

Lemma 18.2.5. With the above notation, the dimension of the irreducible Sp(W)-representation 
is 2^(«-i). 

Proof. Simplifying the Weyl dimension formula, we find 

2g + l-(i + j) 



l<!<7<g 

where the number lO"*"! of positive roots is 2^' . The product telescopes: fix an /, and the corresponding 
product over j is equal to ^. The lemma follows. □ 

Corollary 18.2.6. Let F be any subfield ofC, and let X/F be an abelian variety of any dimension g, giving 
rise to a representation 

PhUx)- 0F ^ GSpiH\X,q)). 
Then the Kuga-Satake lift (Corollarv U8.2.2\ and remark following) of the representation 

gp ^ so{h\x,q){\)) 

can be explicitly realized in the spin (or sum of half-spin) representation as 2'-f-' copies of the composition 



15C 



° Ph'(X) ^^f^ highest weight + . . . + a>g-i representation ofSp{H^{X,Q))[ 
Let us call this object of Mf the Kuga-Satake motive KS{X). Then KS{X) is in fact a Grothendieck 
motive, for either numerical or homological equivalence. 



^^^£j, = ei + . . . + e, in the standard coordinate system 

^ ^"Extended to GSp on the center by the prescription of Corollarv ll8.2.2l Throughout this argument we will ignore these extra 
scalars to simplify the notation. 
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Proof. It remains to check that KS {X) can be cut out by algebraic cycles. We start with the explicit de- 
scription (due to Weyl; see §17.3 of IIFH91I ) of the representation . From now on, abbreviate 

A. = Yf\^ and r = Z / (the length of A); in fact, what follows applies to an arbitrary partition A. Then 

Va - W^''^ n Sa{W) 

as Sp(W)-representation. We have to explain this notation: Si(W) denotes the Schur functor associated to 
the partition A, which explicitly is equal to the image of the Young symmetrizer acting on W^''; and W'-''^ 
is the subspace of W^'' given by intersecting the kernels of all the contractions {I < p < q < r) 

Vl ® . . . ® V,- (Vp, V^) • Vi (gl . . . (g) Vp (g) . . . ® V^y (g) . . . ® V;., 

where (•, •) represents the symplectic form on W. The result will now follow from some basic facts about 



algebraic cycles and, crucially, the Lefschetz and KiinnethLfj Standard Conjectures for abelian varieties 
(due to Lieberman; for a proof, see llKle681 ). Fix a polarization of X, giving rise to a Lefschetz operator Lx- 
Recall Jannsen's fundamental result (fJanQll) that numerical motives form a semi-simple abelian category. 
This and the Kiinneth Standard Conjecture for abelian varieties imply that the category of numerical motives 
generated by abelian varieties over F is a semi-simple Tannakian category. We deduce that the following 
are (numerical) sub-motives of H{X''): 

• M = (X, 7r^,0), i.e. the object corresponding to H^{X); 

• The kernel of each contraction H^{X)^'' {X)^'-''~-^\ For notational simplicity, take p = l,q = 2. 
If we were working in cohomology, we would compute the kernel of ci_2 as 



ker{^H\X)^H\X) ^ q{-\)j^H\xf 



where recall that the polarization (•,•> is defined by (wi,W2) = ^{wi U wi). Now, VK^^ = 
Sym^(VK)® A^(W), and cup-product kills Sym^(VK), while mapping A^{W) isomorphically to H^{X). 
The kernel of c 1,2 is therefore isomorphic to 

[Sym^{H\X)) ® Prim^{X)) (g H^Xf'^. 

To realize the analogous numerical motive, we can define Sym^(M) as 

(XxX,^(l+(12))-(4x4),0). 

For the projector, we have taken the product of two commuting idempotents, the first one being 
the Young symmetrizer associated to the Schur functor Sym^. There is also a projector p^ onto 
primitive cohomology (see 1.4.4, 2.3, and 2A11 of l|Kle681 ). so {X,p^,0) realizes Prim^{X) as a 
numerical motive. Finally, since direct sums and tensor products exist in our category, we can 
therefore describe the kernel of any Cp^q as a numerical motive Mp^q. 



In general, the Young symmetrizer cx is not quite an idempotent. Write = jc~'c^11£3 making 
xcx an idempotent algebraic correspondence on X''. cx commutes with the r-fold Kiinneth projector 
{7i\y (this is easily checked at the level of cohomological correspondences, so a fortiori holds for 
numerical equivalence), so 

{X\xc,-{n\Y,0) 
defines a numerical motive, denoted S^(//^(X)). 



^^'We will write n'^ for tiie algebraic cycle onXxX inducing H(X) -» H'iX) ^ H{X). 
1 S2 

X depends on A, but we have fixed a A. 
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We would like to conclude the proof by intersecting the objects Mp^q (p < q) and §i(//^(X)). This 
is possible for numerical motives since the category is abelian. Finally, since all of the cycles con- 
sidered in the proof are cycles on (disjoint unions of) abelian varieties in characteristic zero, where 
numerical and homological equivalence coincide . 
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we also deduce the existence of a homological 



motive corresponding to KS{X). 



□ 



Remark 18.2.7. A weight calculation yields the Hodge numbers of KS{X). 



18.3. Coda. Identifying among all rational Hodge structures those that are motivic is one of the fundamen- 
tal problems of complex algebraic geometry, and this generalized Kuga-Satake theory would systematically 
construct new motivic Hodge structures from old, in a way not achievable by simply playing the Tannakian 
game. I hope that investigation of these phenomena will provide a stimulating testing-ground for thinking 
about Hodge theory in non-classical weights. 

It is also tempting to ask what should be true if we replace F by other fields, especially finitely-generated 
subfields of C. Our motivic descent in the hyperkahler case works as written, except for the critical absence 
of Tate's basic vanishing result; in other contexts, it might be hoped that a similar descent works, conditional 
on the relevant cases of the Tate conjecture. Perhaps only a qualitative potential lifting result will hold in 
this generality- that would suffice to imply the analogous lifting conjecture for C itself. But another clearly 
important question to ask is: what, if any, is the analogue of Tate's vanishing theorem when the number field 
F is replaced by any field finitely-generated over Q? 
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